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Abstract
Electromagnetic and gravitational observations can be used to elucidate the nature of compact objects and
the fundamental properties of the material in their vicinity. Our ability to extract information about the
underlying physics from observations of both electromagnetic and gravitational spectra depends on our
understanding of the gravity theory that describes the geometry around these compact objects. For elec-
tromagnetic observations, we must also understand the complex astrophysics that produces the observed
radiation. In this dissertation, we describe our efforts to constrain and detect deviations from general relativ-
ity using: the electromagnetic radiation emitted by an accretion disk around a black hole; the gravitational
waves produced when comparable-mass black holes collide; and we have also studied chaotic signatures that
could appear when a small compact object falls into a supermassive object during an extreme mass-ratio in-
spiral. Our analyses combined relativistic ray-tracing and Markov Chain Monte Carlo sampling techniques,
as well as analytical and numerical calculations of the motion of particles. We found that even when a simple
astrophysical model for the accretion disk is assumed a priori, the uncertainties and covariances between
the parameters of the model and the parameters that control a deviation from general relativity make tests
of general relativity very challenging when applied to accretion disk spectrum observations. We also found
that current gravitational wave observations place constraints on metric deformation parameters that are
more stringent than what can be achieved with current X-ray instruments. Based on our numerical findings
when studying extreme mass-ratio inspirals, we conjecture that the geodesics of the as-of-yet unknown ex-
act solution for spinning black holes in a dynamical Chern-Simons theory is integrable. Consequently, we
predict the existence a fourth integral of motion associated with the exact solution. The work presented
in this thesis advances the development of both analytic calculations and computational simulations to test
our understanding of gravity’s fundamental properties with electromagnetic and gravitational waves.
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Sarbach, Hector Silva, Leo Stein, Santiago Vargas-Dominguez, Frederic Vincent, Helvi Witek, and Kent
Yagi. I thank Erik Bryer for HPC guidance.
I especially thank Cosimo Bambi for his constant support and hospitality. The trips to Shanghai opened
my mind and changed my future. I am also very grateful to Leonardo Pachón, who literally opened the gate
to the wonders of chaos and gave me new vistas in dynamical systems. I’d also like to thank Jaxen Godfrey,
Andrés Gutierrez-Ruiz, and Sourabh Nampalliwar, who have been valuable collaborators.
I’d like to thank my academic family at MSU and UIUC during my tenure in both places: Joe Bretz,
Rohit Chandramouli, Alex Deich, Philip Eaton, Toral Gupta, Seth Kimbrell, Reyann Larkey, Colin Latimer,
Nicholas Loutrel, Simone Mezzasoma, Caroline Owen, Scott Perkins, Josh Povick, Alex Saffer, Kristen
Schumacher, Andrew Sullivan, Pratik Wagle, Owen Wolfe, and Hung Tan, for their, laughs and conversations
that helped shape my thinking on science. Very especially to Remya Nair, Jessica Raley, and Penelope Yunes,
for their friendship, care, and advice. They all have made an impact in my professional and personal life.
iv
I thank Margaret Jarrett, Sarah Barutha, Lance Cooper, and Wendy Wimmer for their help throughout
my years as a graduate student and for always making things run smoother.
Many friends supported me and brought a lot of fun and happy moments to my life, but I would like to
thank Alexander Arredondo, Manuel Londoño, Nicolás Pulido, and Nelson Vargas for their friendship and for
always providing a supportive environment. Juan Camilo López-Carreño stands out singularly within this
group. Juan has been a constant source of admiration, support, encouragement, and good humor through
these years.
I am thankful to my family, my parents (Berthalu and Alfredito), sisters (Cata and Caro) and brothers
(David and Sebas). I am forever indebted to my mother and father for never ceasing to be interested in my
endeavors, fostering and supporting my interest in science, and always being proud of their son. For all they
have provided, I give my deepest love and appreciation to them.
To Andrea Lopera, thank you for your love and emotional support. You have made me a better person.
I look forward to our next adventures and spending the rest of my life with you.
I thank Fudan University, Treeline Coffee Roasters, and BrewLab Coffee, where some parts of this work
were done, for their hospitality and good coffee (yes! There was decent coffee also at one of Fudan’s canteen).
I would also like to take this opportunity to thank all the essential workers who put their health at risk
during the COVID-19 pandemic, without whom I would not have completed this (and any) work. Thank
you!
The computational efforts were performed on the Hyalite High-Performance Computing System, operated
and supported by Montana State University’s Information Technology Center; the Scientific Computing Lab-
oratory, operated and supported by Fundación Universitaria Konrad Lorenz’s Engineering and Mathematics
Department; and the Illinois Campus Cluster, a computing resource that is operated by the Illinois Campus
Cluster Program (ICCP) in conjunction with the National Center for Supercomputing Applications (NCSA)
and which is supported by funds from the University of Illinois at Urbana-Champaign. The following python
libraries were used at various stages in the analysis for this work; numpy, matplotlib, scipy, emcee, corner,
and astropy. Some calculations used the computer algebra-systems MAPLE and Mathematica.
This work has been partially supported by Fundación Universitaria Konrad Lorenz (Project No. 5INV1),
NASA grants No. NNX16AB98G, No. 80NSSC17M0041, No. 80NSSC18K1352, NSF grant PHY-1759615,
and the Mavis Future Faculty Fellows Program at UIUC.
v
Table of Contents
List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii
List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x
List of Abbreviations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xv
List of Symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xvi
Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Black hole solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.1.1 Dynamical Chern–Simons gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.1.2 Bumpy Black Holes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 Astrophysical Black Holes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.2.1 Black holes in low-mass X-ray binaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.2.2 Black holes in the low and high gravitational-wave frequency bands . . . . . . . . . . 10
1.3 Summary of the contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
Chapter 2 Experimental relativity with accretion disk observations . . . . . . . . . . . . 14
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2 A bumpy BH metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.3 Accretion disk model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.4 MCMC Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.5 Experimental Relativity Studies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.5.1 Case A: Parameter Estimation in GR . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.5.2 Case B: Constraints on GR Deviations . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.5.3 Case C: Fundamental Bias . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.5.4 Case D: Detecting Deviations from GR . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
Chapter 3 Thermal Accretion Disk Spectra Based Tests of General Relativity . . . . . . 34
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
3.2 Dynamical Chern-Simons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.3 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
Chapter 4 Modeling uncertainties in x-ray reflection spectroscopy measurements . . . . 44
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
4.2 Radiation from the plunging region . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.3 Modification of the spectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.3.1 Kα line shapes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.3.2 Full spectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
4.4 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.5 Discussion and conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
vi
Chapter 5 Gravitational-wave versus X-ray tests of strong-field gravity . . . . . . . . . . 64
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
5.2 Parametrically Deformed Black Holes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.3 Gravitational Wave Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
5.4 X-ray Reflection Spectroscopy Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
5.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
Chapter 6 The exact dynamical Chern Simons metric for a spinning black hole possesses
a fourth constant of motion: A Dynamical-Systems-Based Conjecture . . . . . . . . . . 87
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
6.2 BHs in Dynamical Chern Simons Gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
6.3 Theoretical framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
6.3.1 Geodesic Motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
6.3.2 The Rotation Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
6.4 Geodesics in the slowly-rotating Kerr metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
6.4.1 Bound Orbits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
6.4.2 Unbound Orbits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
6.5 Geodesics in dynamical Chern-Simons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
6.6 Discussion and Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
6.7 BH Solutions in dCS gravity to fifth order in Boyer Lindquist Coordinates . . . . . . . . . . . 110
Chapter 7 Discussion and Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . 115
Appendix A The Johannsen metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
vii
List of Tables
2.1 Classification of cases studied in this paper. In case A, we inject a GR signal and attempt
to extract it with a GR model, allowing us to estimate the accuracy to which accretion disk
model parameters can be measured. In case B, we inject a GR signal and extract it with a
non-GR model, allowing us to determine how well a non-GR deviation can be constrained. In
case C, we inject a non-GR signal and extract with a GR model, allowing us to estimate the
systematic uncertainties introduced in the extraction of accretion disk model parameters due
to the a priori assumption that GR is correct. In case D, we inject a non-GR injection and
extract with a non-GR model to determine whether GR deviations can be detected if they
are present in the data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.2 Information gain between prior to posterior in bits for the two cases shown in Fig. 2.3 for each
parameter. The first column correspond to the choice of observational error described below
Eq. (3.8) (consistent with current telescope capabilities), while the second one correspond to
observational errors that are one order of magnitude smaller (consistent with future telescope
capabilities). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.1 Studies considered in this work. In cases A and B, GR signals are injected and then attempted
to be extracted with a GR and a non-GR model, respectively. Case A aims to estimate the
accuracy to which accretion disk model parameters can be measured, while case B aims to
determine how well a non-GR deviation can be constrained. Conversely, in cases C and
D, non-GR signals are injected and then extracted with a GR model and a non-GR model,
respectively. Case C aims to estimate the systematic uncertainties introduced in the extraction
of accretion disk model parameters due to the a priori assumption that GR is correct, while
D aims to determine whether GR deviations can be detected if they are present in the data. . 36
4.1 Summary of the input parameters of the simulations in our study. . . . . . . . . . . . . . . . 54
4.2 Input parameters and best-fit values for simulations A1 and A2. For both simulations, we
fitted the data with the GR model (α13 = 0) and non-GR model (α13 free in the fit). The
reported uncertainties correspond to 90% confidence level for one relevant parameter. ? in-
dicates that the parameter is frozen in the fit. (P) indicates that the 90% confidence level
uncertainty reaches the boundary of the parameter space (for the spin parameter, the upper
boundary is at a∗ = 0.998). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.3 Input parameters and best-fit values for simulations B1 and B2. For both simulations, we fitted
the data with the GR model (α13 = 0) and non-GR model (α13 free in the fit). The reported
uncertainties correspond to 90% confidence level for one relevant parameter. ? indicates that
the parameter is frozen in the fit. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.4 Input parameters and best-fit values for simulations C1, C2, D1, and D2. Here we only show
the non-GR model with α13 free in the fit. The reported uncertainties correspond to 90%
confidence level for one relevant parameter. ? indicates that the parameter is frozen in the fit.
(P) indicates that the 90% confidence level uncertainty reaches the boundary of the parameter
space (for the spin parameter, the upper boundary is at a∗ = 0.998). . . . . . . . . . . . . . . 62
viii
5.1 Medians and the 90% credible intervals on the deformation parameter a1 for the most signif-
icant binary black-hole events of GWTC-1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.2 List of model parameters which remain fixed throughout the analysis. The radius of the inner
most stable circular orbit is denoted by rISCO. . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
5.3 Parameters used in the simulated data of the simulations and their best fit values for different
observations. Uncertainties are reported at a 90% confidence level and rounded off to second
decimal place or denoted by ∆, when they were too small. Tied parameters are marked by a ‡. 83
6.1 Size of the plateau in the rotation number for geodesics with E = 0.995 and angular momen-
tum Lz = 3.75365M and a SMBH spin of χ = 0.2, using the expanded dCS metric to O(χ2)
and three different values of the coupling parameter ζ. The effect of ζ on the plateau size is
small. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
ix
List of Figures
1.1 The “solar masses” of detected objects in the stellar graveyard, i.e., objects that were once
stars. Yellow and purple objects were discovered using electromagnetic waves and the rest,
blue and orange, were detected with gravitational waves. The compact mergers between
either two black holes or a neutron star and a black hole, that were detected by LIGO and
Virgo up to the first half of the third observing run [15] are shown in blue. At the bottom of
the figure are two neutron star mergers, in orange, that were detected by LIGO/Virgo. The
arrows attached to some objects indicate they are the individual components of a final, more
massive remnant in blue. Question marks appear for events whose nature is not well-defined.
For example, GW190814 [83] is either the lightest black hole or the heaviest neutron star ever
discovered in a double compact-object system. (Credit: LIGO-Virgo/ Frank Elavsky & Aaron
Geller, Northwestern) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.1 (Color Online) Impact of the model parameters on the thermal spectrum of a thin disk. The
parameters not specified in the caption are fixed to ε = 0.0, Ṁ = 1018 g/s, M = 10M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“Light thinks it travels faster than anything
but it is wrong. No matter how fast light
travels, it finds the darkness has always got
there first, and is waiting for it.”
Terry Pratchett
From spreading heavy elements in their surroundings (see, for instance, Refs. [1, 2]) to regulating pro-
cesses in their host galaxies (see, for instance, Refs. [3, 4]), black holes are responsible for a wide range of
fundamental physics processes in our Universe. We have evidence of compact objects that span several or-
ders of magnitude in mass and source strong gravitational fields, responsible for a wide range of phenomena
that are revealed in both electromagnetic and gravitational spectra [5, 6, 7]. The complex dynamics of black
holes (BHs) and their surroundings present a profound challenge to our models and understanding of the
Universe.
Electromagnetic and gravitational observations can be used to understand not only the nature of compact
objects, but also the fundamental properties of the material in their vicinity. Our ability to extract infor-
mation about the underlying physics from observations in both electromagnetic and gravitational spectra
depends heavily on understanding the gravity theory that describes the geometry around these compact ob-
jects. For the electromagnetic observations, we must also understand the complex astrophysics that produces
the observed radiation.
Supported by observations and experiments [8, 9, 5, 6, 7], our models generally assume that Einstein’s
general relativity (GR) describes the geometry around black holes. Within Einstein’s GR description, astro-
physical black holes (i.e., the black holes in our Universe1) should be well described by the Kerr solution [12]
when isolated and near equilibrium [13].
Evidence for stellar mass black holes has been inferred from X-ray binaries (see, for instance, Ref. [14])
and gravitational wave measurements [15]; evidence for supermassive black holes has been obtained from
1Astrophysical black holes should not be significantly charged, as this macroscopical objects are expected to be in environ-
ments that are rich in gas and plasma, and therefore any net charge will be rapidly neutralized [10, 11]
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radio and infrared observations (see, for instance, Ref. [16]).
The precise descriptions of various types of black holes, and the phenomena associated with them, are a
monumental challenge for any theory of gravity. According to the uniqueness theorems [17, 18, 19], in GR
all of these astrophysical objects should have exactly the same spacetime structure, rescaled by the mass,
with only one extra macroscopic degree of freedom: their spin angular momentum. The assumption that
astrophysical black holes are described by the Kerr solution is commonly referred to as the Kerr Hypothesis,
and it has been studied over the past years using electromagnetic and gravitational waves.
Despite the agreement between GR and all measurements and experiments, there is a consensus that
GR must be modified [20]. Several modified theories of gravity have been designed to tackle at least one of
the following open problems: the inconsistent rotation curves of galaxies [21]; the late-time acceleration of
the universe [22]; the matter/anti-matter asymmetry of the universe [23]; or the incompatibility of GR with
quantum mechanics [24]. Note that the first two open problems just mentioned have a phenomenological
solution within GR by postulating the existence of dark matter, to explain how fast stars orbit around
galaxies, and dark energy, to explain why the universe is expanding faster. Bearing in mind that some
modified theories of gravity can explain these two phenomena without dark energy or dark matter, their
existence is still a hypothesis, well supported by the data, but not confirmed.
Similarly to how Newtonian gravity was repeatedly tested with increasing precision [25, 7], we have
just started to test GR in the extreme-gravity regime, where the fields are highly strong, non-linear and
dynamical. With the improvement of current facilities and the construction of third-generation detectors
(see, for instance, Refs. [26, 27, 28]), we may be able to detect deviations (if any) from GR. Thus, in the
Popperian sense [29], the potential limitations of GR make it an excellent theory.
Electromagnetic and gravitational radiations can be used to validate GR in different ways. Tests using
the electromagnetic spectrum probe the non-dynamical configuration of vacuum gravitational fields. These
tests rely on observables that use photons and plasmas as test particle tracers of the spacetime geometry.
On the other hand, tests using gravitational waves probe both the conservative and the dissipative sectors
of a theory, because they rely on the time-symmetric part of the gravitational fields and on the dissipative
part of the radiation-reaction force arising from field perturbations.
Because of their fundamental differences, gravitational and electromagnetic channels of information are
complementary [30]. The electromagnetic sector allows us to probe a larger range of curvatures (R = M/L3,
where M and L are the characteristic mass and size of the system, respectively) that are currently invisible
to us through the gravitational spectrum. On the other hand, while electromagnetic observations are not
prone to correlations with the dissipative sector of the theory, they are more affected by the astrophysical
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modeling uncertainties [31]. Given that the sources of statistical and systematic errors on each type of
observation are very different, we cannot rely solely on either electromagnetic or gravitational observations
to learn about fundamental physics.
The work presented in this thesis advances the development of both analytic calculations and computa-
tional simulations to test GR using electromagnetic and gravitational waves. Our goal is to more effectively
use black holes as laboratories to test our understanding of gravity’s fundamental properties.
1.1 Black hole solutions
There are at least two ways to probe the spacetime geometry of black hole candidates; each one with its
own strengths and weaknesses [32, 33]. The first one, usually referred to as the top-down approach, consists
of obtaining a solution and its consequences (mainly observables), starting from a well-defined action that
describes the symmetries and properties of a particular theory (see, for instance, Refs. [34, 35, 36, 37, 38]
for specific examples and Refs. [20, 39] for reviews). From the action, the field equations are derived and
the solutions are found. The second one, usually referred to as the bottom-up approach, consists of building
deviations from a classical known solution (e.g., Schwarzschild or Kerr) in terms of a parameter or a family
of (bumpy) parameters (see, for instance, Refs. [40, 41, 42, 43, 44, 45, 46] for some examples). These
parametrized deviations from the Schwarzschild or Kerr metrics are commonly referred to as bumpy BH
metrics [41].
In this work we pursue both approaches. As an example of the top-down approach, we will work with
dynamical Chern–Simons gravity (dCS) [47], and as an example of the bottom-up approach, we work with
a parametric deformation of the Schwarzschild spacetime proposed by Rezzolla and Zhidenko in Ref. [44].
1.1.1 Dynamical Chern–Simons gravity
Top-down solutions are extremely difficult to obtain and typically only available in a numerical form (see,
for instance, Refs. [48, 49, 38, 50] for some examples) or as a series expansion in a particular parameter or
set of parameters (see, for instance, Refs. [34, 36, 37] for some examples). In fact, there are no known exact
rotating black hole solutions, other than the Kerr metric in some particular cases2, to any theory of gravity
beyond GR to date.
Dynamical Chern–Simons gravity is an example of a top-down solution. This theory will be presented
in detail in Chapter 6, and here I will only mention that dCS has the following appealing features from both
2There are some modified theories of gravity for which the Kerr metric is a solution (e.g., analytic f(R) theories with vanishing
constant [51]). As I am interested on testing the Kerr Hypothesis, in this work I will not consider such theories.
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theoretical and observational grounds that make it well-motivated:
1. it is consistent with weak-field tests of gravity and with binary pulsars, while still predicting deviations
in other regimes and systems [47];
2. it has applications to several open problems in cosmology, such as the matter-antimatter asymmetry,
leptogenesis and dark matter [52, 53, 54, 55, 56];
3. corrections due to a parity-violating Chern-Simons term that couples gravity to a pseudo-scalar (axion)
field arise in many of the dominant approaches to quantum gravity, such as string theory (see for
instance Ref. [57]), and loop quantum gravity (see for instance Refs. [58, 59, 60])
4. it admits a well-posed formulation in the small-coupling approximation [61], making it amenable to
numerical relativity simulations of black hole binaries [61, 62, 63], with immediate implications to tests
of general relativity with gravitational wave observations;
5. it has a parametrized post-Newtonian (ppN) parameter [64] that so far only arises in the weak-field
limit of dCS gravity and in no other theory [65, 66].
Given that this theory modifies GR only when gravity is strong, and thus it passes all Solar System
constraints, it was first weakly constrained by Gravity Probe B, the LAGEOS satellites and table-top
experiments, to [47, 67, 68]
α1/2 6 108 km, (1.1)
where α is the coupling constant of the theory, which determines the relative strength of interaction between
the fields. Therefore, in order to get a stronger constraint, we need observations associated with compact
objects. However, any constraint must satisfy the small-coupling approximation (i.e., that the resulting
BH is a small deformation away from the Kerr metric) where the derived solutions are valid. Can we use
current LIGO-Virgo data? Unfortunately we cannot as shown in Ref. [69]. When writing the small-coupling
approximation as
16πα2R−4  1, (1.2)
where R is the curvature length scale associated with a the compact object, for the observed black holes
one gets that α1/2 6 5.6 km [69]. That condition, however, was not satisfied by the posteriors derived for
events such as GW151226 and GW170608, and so far dCS has evaded current gravitational-wave tests with
binary BHs.
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On the other hand, when dealing with neutron star observations, the small-coupling approximation condi-
tion can be satisfied more easily [70]. Using the Neutron Star Interior Composition Explorer (NICER) results
on the mass and equatorial radius of the isolated neutron star PSR J0030+0451 [71, 72], we obtained [70]
α1/2 6 8.5 km , (1.3)
at 90% credibility. This is the most stringent constraint on gravitational parity violation to date.
1.1.2 Bumpy Black Holes
In GR, all the high (l ≥ 2) multipole moments {Ml, Sl} of the gravitational field are locked by the expres-
sion [73]







where M ≡ M0 and J ≡ S1 are the mass and magnitude of the spin angular momentum of the BH,
respectively. Thus, if we measure at least three multipole moments of the spacetime of a BH [74], we can
test quantitatively expression 1.4. The search for additional degrees of freedom, i.e., hair, is not an easy task
as the deviations from GR are expected to be small, and most of the modified theories of gravity produce
the same BH behavior in the asymptotic region [7].
As astrophysical black holes do not live in perfect vacuum, their surroundings will induce perturbations
away from the Kerr metric. Such perturbations will introduce modifications to Eq. (1.4) that could signal
violations to at least one hypothesis of the uniqueness theorems [17, 18, 75, 19]. Given the evidence of a
horizon in astrophysical compact objects (see for instance, Refs [76, 77]) and that finding black hole solu-
tions from an action is extremely challenging, over the past decades a model-independent phenomenological
approach has been pursued. This approach consists mainly of parametrizing the metric of a black hole
described within GR with a set of (bumpy) parameters [41].
The way the metric can be parametrized is not unique and there are many3 examples in the literature
of bumpy black holes (see, for instance, Refs. [40, 41, 42, 43, 44, 45, 46] for some examples). Not all of the
proposals are “physically-reasonable”, i.e., that the parametrization satisfies certain minimum properties
such as: there are regions in the bumpy parameter space that allow the metric to describe a black hole (a
compact object with a horizon); that the parameters can be mapped to all the known solutions beyond GR;
and that there are not closed time-like curves or singularities outside the horizon of the compact object [78].
Bumpy black hole metrics serve as a way to perform a null hypothesis test of GR or to directly put
3Perhaps too many.
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constraints on solutions found in the the top-down approach, if the bumpy parameters can be mapped to
that theory (see Refs. [79, 46] for specific examples). Therefore, with a proper parametrization, the idea
in this approach is to use the parametrized metric to compute quantities of interest, i.e., observables, and
have them in terms of (bumpy) parameters. If an observation yields a nonzero deviation, i.e., that a bumpy
parameter differs from its value in GR (typically zero), that measurement implies that at least one hypothesis
of the no-hair theorems is not valid, provided the other assumptions of the theorems are sufficiently satisfied
within observational uncertainties [74].
In this work we will use the parametrization presented by Rezzolla and Zhidenko in Ref. [44], where they
introduced a physically-reasonable bumpy BH metric without spin (in Ref. [45] the rotation solution was
presented). This parametrization can be mapped to all the known solutions, and it has regions in parameter
space where pathologies in the spacetime are not present.
1.2 Astrophysical Black Holes
Since most of the open questions in theoretical physics involve gravity in one way or another, astrophysical
black holes are an ideal laboratory where we can search for answers. Orbiting matter radiates to infinity from
regions very close to the black hole, where the relativistic effects (gravitational redshift, Doppler boosting,
and light bending) play an important role. On the other hand, gravitational waves encode the information
of the bulk motion of this dense concentrations of matter directly and also carry the information of the
non-conservative part of the theory of gravity.
In this dissertation we describe our efforts to constrain and detect deviations from general relativity
using: (i) the electromagnetic radiation emitted in low-mass X-ray binaries (LMXBs); (ii) the gravitational
waves produced when comparable-mass black holes collide, and (iii) chaotic signatures that could appear
when a small compact object falls into a supermassive object during an extreme mass-ratio inspiral (EMRI).
We will consider signals that are described by the solutions presented in the previous section, and recover
that signal either using a GR or non-GR model. Before jumping into the details of our calculations and
simulations, I will briefly introduce the astrophysical scenarios where we perform our experimental gravity
simulations.
1.2.1 Black holes in low-mass X-ray binaries
For the studies in the electromagnetic spectrum, we will focus on the energetic phenomena occurring near
low-mass X-ray binaries (LMXBs) [80]. The “low” refers to the mass of the stellar companion, i.e., ≤ 3M,
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Figure 1.1: The “solar masses” of detected objects in the stellar graveyard, i.e., objects that were once stars.
Yellow and purple objects were discovered using electromagnetic waves and the rest, blue and orange, were
detected with gravitational waves. The compact mergers between either two black holes or a neutron star
and a black hole, that were detected by LIGO and Virgo up to the first half of the third observing run [15]
are shown in blue. At the bottom of the figure are two neutron star mergers, in orange, that were detected
by LIGO/Virgo. The arrows attached to some objects indicate they are the individual components of a
final, more massive remnant in blue. Question marks appear for events whose nature is not well-defined.
For example, GW190814 [83] is either the lightest black hole or the heaviest neutron star ever discovered in
a double compact-object system. (Credit: LIGO-Virgo/ Frank Elavsky & Aaron Geller, Northwestern)
which is the source of the matter being transferred to the accretion disk, and not to the mass of the black
hole in the binary, which have been found to have a mass in the range of 3M . M . 20M [81]. In
Fig. (1.1) the purple objects are examples of such black holes. These black holes are considered to be formed
by gravitational collapse of massive stars (& 20M), such that when they collapse the remanent exceeds the
Tolman–Oppenheimer–Volkoff limit [82] and a neutron star is not formed.
The type of accretion model mainly depends on the mass accretion rate (the thermodynamics of the
disk) and on the angular momentum of the accreting gas [84, 85]. LMXB are considered to be accreting in










where ηr is the radiative efficiency and M is the mass of the black hole. In this regime of accretion, the disk
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can cool efficiently and is expected to become geometrically-thin, i.e., its vertical scale height h is much less
than the distance from the black hole r (see for instance, Refs. [87, 88, 89] where this cooling effect has been
studied in numerical models). As we will review with more detail in this work, the standard analytical model
to describe these disks is the Novikov-Thorne model [90]. Under this model, the radial pressure gradients
and radial magnetic forces can be neglected and matter follows almost test-particle orbits in the black hole
potential [85].
The standard Novikov-Thorne model will only emit a (thermal) quasi black body emission. However,
relativistic reflection features have also been observed in the X-ray spectra of black hole binaries and active
galactic nuclei (AGNs) [91, 92]. These features can be accounted for if the accretion disk is illuminated by
a hot corona [93], whose geometry and dynamics are open questions in the field [94]. Under this picture,
i.e., in the so-called disk-corona model [95], the spectral energy distribution around the X-ray region of
LMXBs can be described by at least three components [96]: a thermal component, emitted directly from the
disk; a power-law component, radiation emitted from the disk and scattered by the corona; and a reflected
component, scattered radiation produced by the corona reflected from the disk.
The observed X-ray region, ranging from 0.1keV to a few hundreds keV, provides the biggest source
of information about the spacetime of the object. From the observational point of view, this is because
the power rapidly drops away from the peak by several orders of magnitude, preventing high quality data
observations. From a theoretical point of view, it is because longer wavelength emission is produced at larger
radii of the accretion disk, where GR or any deviations thereof are unimportant.
The thermal spectral component, studied in Chapters 2 and 3, peaks around kT ∼ 0.1− 1 keV [97] and
is relatively featureless and more easy to study. On the other hand, the reflected component, studied in
Chapters 4 and 5, is extremely rich in X-ray fluorescent and superposed radiative-recombination emission
lines. However, that complexity also makes it very hard to disentangle the contributions coming from either
the astrophysics or the background. The strongest feature of the reflection component is usually the iron
Kα line, which is at 6.4 keV in the case of neutral or weakly ionized iron and shifts up to 6.97 keV for H-like
iron ions [98]. This X-ray radiation can be emitted directly by a hot gas (with temperatures between 106 K
and 109 K), or generated by bremsstrahlung, synchrotron processes, inverse Compton scattering, fluorescent
emission, or nuclear decay [86].
The leading techniques to study the strong gravity region around black holes using these spectra are the
continuum-fitting method [99] and the X-ray reflection spectroscopy [100]. Despite the systematic uncer-
tainties [14] related to both the spectral models and challenges in the calibration of the spectral data [101],
many sources have been studied and characterized, providing information about the astrophysics of black
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hole accretion and on the nature of the relativistic processes. Even though we expect a few thousands LMXB
within our own Galaxy [102], to date we have observed only a few of these systems. Reference [14] reports
a list of 24 measurements of black hole spin in dynamically-confirmed black holes X-ray binaries from the
X-ray reflection and continuum-fitting method.
The reflection method has a number of advantages with respect to the study of the thermal spectrum [96].
For example, the reflection method is independent of the black hole mass and distance, while the inclination
angle of the disk with respect to the line of sight of the observer can be inferred from the fit of the reflec-
tion spectrum; with the continuum-fitting method, these three quantities have to be obtained from other
measurements and their uncertainty is often large. Because of the mass independence, it can be applied
to both stellar-mass and supermassive black holes4. In the presence of high quality data and the correct
astrophysical model, the reflection method is potentially quite a powerful tool to constrain the metric around
black holes [105, 106].
In Chapters 4 and 5 we will use the X-ray reflection model for testing the spacetime metric around
astrophysical black holes that we developed in Ref. [105]. This model, now called relxill nk [107], has been
greatly improved and refined over the past years, applied to several observations (see for instance, Refs. [108,
106] for some specific examples), and it is the state-of-the-art in relativistic reflection modeling [106].
For the description of the flux detected by an observer, we have followed the formalism of the transfer
function for geometrically thin and optically thick accretion disks around a black hole [109]. The transfer
function, in this context, is interpreted as an integration kernel to calculate the spectrum detected by the
distant observer. The usefulness of this approach is that the observed flux can be rewritten as a function that
is proportional to the transfer function f(g, re, i) (which depends only on the geometry of the spacetime) and
the intensity as measured by the emitter Ie(νe, re, ϑe) (which depends only on atomic physics and the disk
intensity profile). Here g is the redshift factor, re is the emission radius in the disk, i is the viewing angle
of the distant observer, νe is the photon frequency in the rest frame of the emitter, and ϑe is the emission
angle (i.e., the angle between the normal to the disk and the photon propagation direction).
Given a specific background, the spectrum is computed by a convolution with a non-relativistic reflection
spectrum in the disk. We use the library of synthetic spectra xillver [110] for the description of the local
spectrum. The details of the disk and astrophysical parameters will be shown in detail in Chapters 2 and 4.
4The continuum-fitting method has also been applied to supermassive black holes, but only in very special cases (see, for
instance, Refs. [103, 104].
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1.2.2 Black holes in the low and high gravitational-wave frequency bands
Before the start of the gravitational wave era, the only known stellar-mass black holes had masses in the
range of 3M .M . 20M [81], see the purple objects in Fig (1.1). To our great surprise, the gravitational
waves from the seminal detection, i.e., GW150914 [111], were produced by the merger of two black holes with
masses of around 30M. That observation ranged from 35 Hz to about 150 Hz in two tenths of a second,
and the final black hole mass was reported to be 62+4−4M to 90% credible intervals [111].
Since a gravitational source cannot be smaller than its gravitational radius, 2GM/c2, the higher frequency
expected is of the order of 104 Hz, and therefore a gravitational wave (GW) source of mass M will roughly







This highest value serves as the upper limit of the domain of Earth-based gravitational-wave detectors,
such as the LIGO/Virgo detectors [26], which give us access to parts of the high-frequency band, i.e., from
∼ 10 Hz to ∼ 103Hz. The majority of stellar-mass black holes observed in the LIGO/Virgo band, the blue
objects in Fig. 1.1, are expected to be formed from gravitational collapse of massive stars [112].
Recent observations are challenging current astrophysical models, as some black holes are perhaps “too”
massive to have a stellar origin. In particular, in GW190521 [113] the mass of the heavier binary component
has a high probability to be within the so-called pair-instability supernova mass gap [114] and may not have
formed from the direct collapse of a massive star. Given the frequency range of the LIGO/Virgo detectors,
we can see from Eq. (1.6) that heavy black holes will have a short duration signal, where the specific type
of test we will present in Chap. 5 is not suitable.
While electromagnetic radiation carries the information of geodesic motion, gravitational waves also
include information related to the field equations of the theory, and therefore the bottom-up approach is
less suitable to perform model-independent tests [6]. However, if the rate of change of the binding energy
is set to the GR value, we can compare the gravitational wave constraints to X-ray constraints. Note that,
even in this case, i.e., when purely Einsteinian radiation-reaction is assumed, the generation of gravitational
waves will still be modified if the spacetime in a neighborhood of the compact objects in a binary system is
described by a metric solution different from a GR one. This is because the post-Newtonian Hamiltonian is
constructed from the metric itself. As the equations of motion will be modified, the evolution of the orbital
phase and therefore the gravitational waves emitted will be different. In Chap. 5 we will study these sources
to put constraints on a bumpy parameter of the Rezzolla-Zhidenko metric with current observations, such
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as GW150914.
On the other hand, the low-frequency band, i.e., from ∼ 10−4 Hz to 1 Hz, the domain of future space-based
detectors, such as the Laser Interferometer Space Antenna (LISA) [115, 28] deals with heavier sources. Most
of the super massive black holes (SMBHs) are expected to be surrounded by nuclear star clusters of millions
of stars [116], and therefore in the innermost galactic regions, mutual gravitational deflections between
compact objects can approach the central SMBH, survive tidal disruptions, and radiate a significant amount
of energy in GWs at low frequencies [117].
With LISA a variety of sources will be observed [115], but in this dissertation we will focus only on a
particular source which allows for particular precision tests of GR [74]. This tests consists of monitoring the
phase of inspiraling compact objects obtained from the gravitational waves emitted when a small black hole
falls into a supermassive or intermediate-mass black hole, in an extreme mass-ratio inspiral (EMRI) [118].
These sources will coalesce with mass ratios in (10−6, 10−3) and total masses in (104, 107)M [117], last for
months to years with signal-to-noise ratios in the tens to hundreds, and will result in certain constraints on
GR that can be stronger than the ones achieved with ground-based detectors [119, 120, 121].
The EMRI gravitational waveforms are extremely rich in features. When EMRIs are formed through
scattering capture of the compact object by the SMBH, the orbits are expected to have a high initial
eccentricity and non-equatorial inclinations, which will still be present when the system radiates in the LISA
band [118]. If these sources are properly modeled, it may be possible to measure fractional deviations from
the quadrupole moment of the Kerr solution at a sub-percent level of accuracy [122, 28]. In Chap. 6 we will
show the implications of not having exact solutions, such as dCS, in the context of EMRIs.
1.3 Summary of the contents
This dissertation is organized as follows. Chapters 2 and 3 present a study of our current ability to constrain
and detect deviations from general relativity using the accretion disk spectrum of stellar-mass black holes
in binary systems. We use a simple model to simulate the thermal accretion disk spectra of stellar-mass
BHs within and outside GR. Our analysis combined relativistic ray-tracing and Markov Chain Monte Carlo
sampling techniques to determine how well such tests of General Relativity can be carried out in practice.
In Chap. 4 we study how to model an uncertainty in X-ray reflection spectroscopy. We have considered
accreting black holes with optically thick plunging regions, to characterize the impact of the reflection
radiation of the plunging gas on X-ray reflection spectroscopy measurements. Our work had the particular
interest of assessing the impact it will have on tests of the Kerr black hole hypothesis and the measurement
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of the deformation parameters of the background metric.
In Chap. 5, we study and compare the constraints that electromagnetic observations of the radiation
emitted by an accretion disk around a black hole, and the constraints that gravitational wave observations
of coalescing binaries, can impose on theory-agnostic, parametric deviations from the Schwarzschild metric.
On the electromagnetic side, we have simulated observations with current and future X-ray instruments of an
X-ray binary. On the gravitational wave side, we computed the leading-order deviation to the Hamiltonian
of a binary system in a quasi-circular orbit within the post-Newtonian approximation, and the leading-order
deviation to the gravitational waves emitted by such a binary in the frequency domain. We have compared
this model to the LIGO-Virgo collaboration gravitational wave detections and placed constraints on possible
metric deformation parameters.
In Chap. 6, we have investigated extreme mass-ratio inspirals through a test-particle approximation in
dynamical Chern-Simons gravity. We developed a resummation strategy that restores all spin terms in the
general relativity limit, while retaining up to fifth-order-in-spin terms in the dCS corrections to the Kerr
metric. We have calculated Poincaré surfaces of section and rotation numbers of a wide family of geodesics
of this resummed metric, to determine whether chaotic motion emerges in these theories and its possible
implications.
Chapter 7 concludes by discussing the overall impact of my work, presenting a comparison of some of
the results presented in Chap. 5 with other recent results obtained by other researchers on very different
sources, and with future directions that can be taken.
All of the work within this document, listed below, has been already published in peer-reviewed journals,
and in collaboration with several researchers.
1. Experimental Relativity with Accretion Disk Observations
A. Cardenas-Avendano, J. Godfrey, N. Yunes, A. Lohfink
Physical Review D 100, 024039, (2019).
Chapter 2
2. Thermal Accretion Disk Spectra Based Tests of General Relativity
A. Cardenas-Avendano
Proceedings 2019, 17, 14, (2019)
Chapter 3.
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3. Modeling uncertainties in x-ray reflection spectroscopy measurements. II. Impact of the radiation from
the plunging region.
A. Cardenas-Avendano, M. Zhou, C. Bambi
Physical Review D 101, 123014, (2020).
Chapter 4
4. Gravitational-wave versus X-ray tests of strong-field gravity.
A. Cardenas-Avendano, S. Nampalliwar, N. Yunes
Classical and Quantum Gravity 37, 135008 (2020).
Chapter 5
5. The exact dynamical Chern Simons metric for a spinning black hole possesses a fourth constant of
motion: A Dynamical-Systems-Based Conjecture
A. Cardenas-Avendano, A. Gutierrez, L. A. Pachon, N. Yunes
Classical and Quantum Gravity, 35, 165010 (2018).
IoP Editor’s choice (CQG+, IOPselect).
Chapter 6
My participation in the above projects has been extensive. As first author of all of the above papers,
most of the calculations have been carried out by me, verified by my collaborators. The temperature profile
we used for the simulations in Paper (1) were calculated by J. Godfrey, a former undergraduate at Montana
State University that I had the opportunity to mentor. The computations related to the simulated X-ray
observations that we reported in Paper (3) were mainly performed by M. Zhou, and the ones in Paper (4) by
S. Nampalliwar. In Paper (5), A. Gutierrez provided the numerical implementation of the chaos measures
and the initial versions of the numerical scheme we used to solve the Hamiltonian equations.
All of the other co-authors were senior researchers that helped me to conceive the research ideas, super-
vised my work, participated in all the discussions and helped me to write the manuscripts.
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Chapter 2
Experimental relativity with accretion
disk observations
This chapter is based on: Cárdenas-Avendaño, A., Godfrey, J., Yunes, N., & Lohfink, A. (2019).
Experimental relativity with accretion disk observations. Physical Review D, 100(2), 024039
Abstract Electromagnetic observations have been used over the past decades to understand the nature
of black holes and the material around them. Our ability to learn about the fundamental physics relies on
our understanding of two key ingredients in the modeling of these electromagnetic observations: the gravity
theory that describes the black hole, and the astrophysics that produces the observed radiation. In this work
we study our current ability to constrain and detect deviations from General Relativity using the accretion
disk spectrum of stellar-mass black holes in binary systems. Our analysis combines relativistic ray-tracing
and Markov-Chain Monte-Carlo sampling techniques to determine how well such tests of General Relativity
can be carried out in practice. We show that even when a very simple astrophysical model for the accretion
disk is assumed a priori, the uncertainties and covariances between the parameters of the model and the
parameters that control the deformation from General Relativity make any test of General Relativity very
challenging with accretion disk spectrum observations. We also discuss the implications of assuming that
General Relativity is correct a priori on the estimation of parameters of the astrophysical model when the
data is not described by Einstein’s theory, which can lead to a fundamental systematic bias.
2.1 Introduction
Studies of gravitational waves by the LIGO/Virgo collaboration [123], along with decades of electromagnetic
observations [124], have provided extensive evidence for the existence of stellar-mass black holes (BHs). Are
these BHs described by the solutions to Einstein’s theory of General Relativity (GR)?
The no-hair theorems assert that the only axisymmetric, asymptotically flat, electro-vacuum solutions
to the Einstein equations are fully described by only three parameters: the mass M , the electric charge Q
and the angular momentum S of the BH [17, 18, 75, 19]. However, in realistic scenarios, black holes should
not be significantly charged, as they are expected to be embedded in environments that are rich in gas and
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plasma and therefore any net charge will be rapidly neutralized [10, 11].
The Kerr hypothesis further states that the exterior spacetime of astrophysical BHs is described by the
Kerr metric. This hypothesis is a consequence of the no-hair theorem in GR, provided astrophysical BHs are
isolated such that the assumptions of the theorem hold. Astrophysical BHs with a time-dependent accretion
disk are, of course, not isolated. The assumptions of the theorem then do not hold and the exterior spacetime
is not exactly described by the Kerr metric. The accretion disk contributions to the spacetime, however, are
very small, and can thus be neglected [125, 126]. Therefore, observational tests of the Kerr hypothesis can
be thought of as tests of GR, without additional fields, as GR is the only assumption left to break in the
no-hair theorems.
Over the past decades, several authors have proposed various ways to probe the spacetime geometry of BH
candidates (see Refs. [5, 96] and references therein for tests with electromagnetic observations, and Ref. [6]
and references therein for tests with gravitational waves, and for a general review see Ref. [7]). In particular,
one can parametrize a potential deviation from the Kerr metric in terms of a parameter, or a family of
parameters. If an observation of a compact object then yields a nonzero deviation, this measurement implies
that the no-hair theorems are violated [39], signaling a deviation from GR (provided the other assumptions
of the theorems are sufficiently satisfied within observational uncertainties). Parametrized deviations from
the Schwarzschild or Kerr metrics are commonly referred to as bumpy BH metrics.
The construction of bumpy BH spacetimes with arbitrary multipole moments was first investigated by
Ryan [74], then revisited by Collins and Hughes [41], shortly after by Glampedakis and Babak [127], and later
by Vigeland and Hughes [128]. These studies, however, required the bumpy multipoles to satisfy Einstein’s
equations, which then introduced naked singularities in the spacetime [41]. In an effort to avoid these, recent
work has lifted the requirement that the multipoles satisfy the Einstein equations, yielding bumpy BH metrics
that could sometimes be mapped to BH solutions in modified theories of gravity [42, 129, 130]. The most
recent incarnation of this idea by Konoplya, Rezzolla and Zhidenko [44, 45] proposes a parametrization of
BH bumps with continued fractions. These bumpy BH metrics have been used to carry out some tests of
GR using electromagnetic observations [131, 132, 133, 134, 135, 105, 136, 137, 138, 101, 139].
In a recent review [31], Krawczynski pointed out qualitatively that astrophysical uncertainties can be so
large that they may prevent us from distinguishing between Kerr and non-Kerr metrics. In general, there
are many sources of uncertainty when carrying out and analyzing electromagnetic observations. In addition
to statistical uncertainties in the analysis of the data, there are typically also systematic uncertainties
related to calibration and to the astrophysical modeling [140]. The latter is particularly problematic, as
one must choose a particular physical model that is not necessarily complete, either because of our limited
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knowledge of the astrophysics, or because one might be forced to ignore important physical processes that
are too difficult to incorporate. For example, magnetic fields, the radiation pressure, thickness of the disk,
effects of a warm absorber are often ignored in accretion disk models in order to make computations more
manageable [84, 141].
Bearing in mind these limitations, an important question arises: Can one truly use bumpy BH metrics
to test GR with electromagnetic observations? From a general perspective, the answer could be “no” for
several reasons. Bumpy BH metrics could contain physical pathologies that would rule them out from the
beginning, such as naked singularities or closed time-like curves outside the event horizon. But even if one
uses more physically-reasonable bumpy metrics, degeneracies between the parameters that characterize the
deformations and those of the astrophysical model may make these tests uninformative. Whether this is the
case or not is what we study in this paper using Bayesian statistical theory.
As a proof-of-concept, we work here with the Rezzolla-Zhidenko (RZ) metric [44], which represents a
physically-reasonable bumpy BH metric without spin [31]. The RZ metric includes the Schwarzschild metric
in the limit as the bumpy deformation parameters vanish, and it can also be mapped to a wide range of BH
solutions in modified theories of gravity. Therefore, in principle, if observational constraints on the bumpy
parameters are possible, these could be translated into constraints on the coupling parameters of modified
theories.
Given the RZ metric, we then construct spectra from a geometrically thin and optically thick accretion
disk characterized by certain disk model parameters. We begin by prescribing the temperature of the disk
using a Novikov-Thorne model [90] and assuming the emission to be blackbody-like locally. This temperature
profile is then used by the relativistic ray-tracing code GYOTO [142], which solves for the motion of a photon
ray from the image screen to the accretion disk (integrating backwards in time). We ray trace over 10, 000
photon rays to generate the accretion disk spectrum on a 129× 129 pixel screen.
With this machinery in hand, we then carry out several different studies. We first create a synthetic
signal assuming GR for a set of injected disk model parameters, and we attempt to recover it with accretion
disk spectra generated with a non-GR model. The latter is determined by 5 parameters: the accretion rate,
the BH mass, the distance to the observer, the inclination angle and a single bumpy parameter. We carry
out a Markov-Chain Monte-Carlo (MCMC) exploration of the likelihood surface to find the marginalized
posterior distribution for each parameter in the non-GR model. We find that the marginalized posterior of
the bumpy parameter is close to the flat prior we chose on this parameter, implying the observation was
uninformative for this parameter. This is true whether we simulate synthetic signals from current telescopes
or from future telescopes that are expected to be able to measure disk parameters one order of magnitude
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more accurately. We also find that if one freezes the disk parameters to the injected values and only varies
over the bumpy parameter, one is typically misled to believe that a strong constraint is possible. The reason
is clearly that by freezing disk parameters one is ignoring strong covariances between the bumpy parameter
and disk model parameters (in particular the accretion rate and the inclination angle).
Our second study is aimed at determining whether current parameter estimation of disk model parameters
assuming GR is correct could be systematically biased by this a priori assumption. We thus create a synthetic
signal assuming a bumpy BH metric with a fixed bumpy deformation parameter and a set of injected disk
model parameters, and we attempt to recover it with accretion disk spectra generated within GR. We find
that for signals that do not deviate much from GR, the amount of fundamental bias in the recovered disk
model parameters is minimal and within the statistical uncertainties. Only once the bumpy deformation
becomes strong enough -typically well above already ruled out values in particular modified theories- does
fundamental bias systematically affect parameter estimation of the disk model parameters.
Finally, we study whether a signal generated from a non-GR BH metric could be distinguished from one
produced in GR. We thus create again a synthetic signal in a bumpy BH metric (with fixed deformation
parameter and disk model parameters), and we attempt to recover it with bumpy BH accretion disk spectra.
As in the fundamental bias case, we discover that if the injected deformation is large enough, then the
marginalized posterior distribution of the bumpy parameter peaks away from zero, signaling a GR deviation.
However, for smaller values of the injected deformation, the modified spectrum is not sufficiently different
from those produced in GR to break the strong degeneracies with the disk model parameters.
Our study therefore suggests that electromagnetic tests of GR with accretion disk observations that are
competitive with other tests, such as those carried out in the Solar System [7], with binary pulsars [143]
or with gravitational waves [6], are, at the very least, very challenging with current and future telescopes.
In part, this is due to degeneracies between disk model parameters and bumpy parameters that tend to
overwhelm the likelihood and prevent constraints on the latter; we have verified that such a conclusion is
robust against different injected parameters of the synthetic signal. But in part, these challenges are also
because of other fundamental limitations in the spectral analysis that we did not include in our studies, such
as calibration uncertainties, uncertainties in the overall modeling of the disk (such as through the inclusion
of thickness [139]), and exacerbated degeneracies when the disk model also includes spin [101] values. The
inclusion of such limitations should make our conclusions even stronger.
The remainder of this paper presents the details of the results summarized above and it is organized as
follows: Section 2.2 briefly reviews the RZ metric; Sec. 2.3 summarizes the accretion disk model used and
the general expressions tailored for this particular background; Sec. 2.4 describes the MCMC methods used
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to explore the likelihood surface; Sec. 4.4 shows the results of the different type of simulations performed;
Sec. 4.5 concludes and points to future work. Throughout the paper, we mostly use geometric units in which
G = 1 = c, and the (−,+,+,+) metric signature. Commas in index lists will stand for partial derivatives.
2.2 A bumpy BH metric
In this section, we establish the notation by briefly summarizing the parametric solutions proposed in Ref. [44]
to describe bumpy BH metrics. For simplicity, we will here keep only a single bumpy deformation parameter;
we could retain more, but their inclusion would only increase the level of degeneracy and thus hinder any
constraints even further.
The starting point of the bumpy BH metrics of Ref. [44] is a spherically-symmetric and static line element,
which in spherical polar coordinates (t, r, θ, φ) can be written as
ds2 = −N2 (r) dt2 + B
2 (r)
N2 (r)
dr2 + r2dΩ2, (2.1)
where dΩ2 ≡ dθ2 + sin2 θ dφ2 is the line element on the two-sphere. If such a line element is to represent
the exterior spacetime of a BH, then it must contain an event horizon, i.e., a null hypersurface generated by
null geodesics with vanishing expansion, whose location r = r0 > 0 is given by N(r0) = 0. This line element
can be recast in terms of a compactified radial coordinate
x ≡ 1− r0
r
, (2.2)
so that x = 0 corresponds to the location of the event horizon, while x = 1 corresponds to spatial infinity.
With this at hand, we must now choose a parameterization of the metric functions N(x) and B(x). The
first one can be expressed as
N2(x) = xA(x) (2.3)
for some other function A(x) > 0 that Ref. [44] chooses to write as
A(x) = 1− ε(1− x) + (a0 − ε)(1− x)2 +O[(1− x)3] , (2.4)
and similarly
B(x) = 1 + b0(1− x) +O[(1− x)2] . (2.5)
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The terms proportional to (1 − x)3 in A(x) and (1 − x)2 in B(x) are identically zero when one sets all
additional bumpy parameters to zero, as we do in this paper. The line element is then characterized in terms
of the constant bumpy parameters ε, a0, and b0, which characterize the magnitude of the non-Schwarzschild
deformation.
The physical meaning of these bumpy parameters can be inferred by studying the post-Minkowskian limit
of the line element. An expansion of the metric about spatial infinity reveals that the bumpy parameters
are related to the parameterized post-Newtonian (PPN) parameters (β, γ) via [7]
β = 1 +
2 [a0 + b0(1 + ε)]
(1 + ε)2
(2.6)




while the horizon location is related to ε via




where M is the ADM mass of the spacetime. From the current observational constraints [7] of β and γ, the
lowest order bumpy parameters are constrained to a0 ∼ 10−4 ∼ b0, and therefore, in this paper, we will set
a0 and b0 to zero and consider only deviations in the metric due to a non-vanishing ε, which has a clear
physical meaning in terms of corrections to the event horizon location.
2.3 Accretion disk model
The spectral energy distribution of X-ray binaries is commonly dominated by a thermal component and a
power-law tail. The thermal spectral component, the subject of this work, is believed to be quasi black body
emission from the accretion disk that peaks around kT ∼ 0.1− 1 keV in case of stellar-mass black holes.The
power-law tail is believed to originate from the Compton up-scattering of thermal photons by a hot electron
corona. In this work, we focus on the thermal component of the X-ray spectrum of a stellar-mass BH with a
low-mass companion. For this particular type of systems, the X-ray region is the most informative feature
of the spectrum about the spacetime metric, given the fact that the power drops away from the peak by
orders of magnitude and that longer wavelength emission is produced at larger radii, where GR or any
deviations thereof are unimportant. The accretion disk is modeled by the Novikov-Throne model [90], i.e. a
geometrically thin (h/r  1, where h is the semi-thickness of the disc at a radial coordinate r) and optically
thick disk (the photon mean free path l = (nσphot)
−1  h, where σphot is the photon scattering cross-section
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in the disk medium and n is the number density of scattering particles in the disk).
The disk spectrum depends on the temperature profile of the disk T (r), which in turn determines on the
radial flux F(r) via the Stefan-Boltzmann law F(r) = σT 4(r), where σ is the Stefan-Boltzmann constant.
The time-averaged energy flux emitted from the surface of a geometrically thin and optically thick accretion









(E − ΩL)L,r′dr′ (2.9)
in spherical polar coordinates, where grr, gtt and gφφ are the (r, r), (t, t) and (φ, φ) components of the metric.
The inner edge of the disk rin is assumed here to coincide with the innermost stable circular orbit (ISCO),
and the disc is assumed to extend to at least r = 300M . The specific energy E, the (z-component of the)
specific angular momentum L, and the orbital frequency Ω are found from the metric, assuming the disk is
















The location of the ISCO r∗ can be determined by considering the (timelike) geodesic motion of a massive








A circular orbit then satisfies the condition
Veff(r) = 0 = V
′
eff(r). (2.14)
while the innermost stable orbit additionally satisfies the condition
V ′′eff(r
∗) = 0. (2.15)
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Combining (2.13)-(2.15), the ISCO radius is thus the real non-zero root of
3N(r∗)N ′(r∗)− 3r∗N(r∗)N ′′(r∗) = 0, (2.16)
which can be solved numerically.











where ηr is the radiative efficiency, and we have assumed that LEdd = ηrṀEddc
2. For a BH with M = 10M
accreting at ∼ 10% of the Eddington limit, the mass accretion rate is ∼ 1018 [g s−1].
The temperature profile has to be numerically evaluated on a radial grid (as Eq. (3.5) cannot be solved
analytically) and provided to the relativistic ray-tracing code GYOTO [142] as an input. GYOTO then
solves for the motion of photon rays from the image screen, located a distance robs at an inclination angle i,
to the accretion disk (integrating backwards in time). Once a map of the Planck function Bν is computed








where the sum is performed over Npix = 129 × 129 pixels, θ is the angle between the normal of the screen
and the current pixel direction, ∆Ω = πFOV2/r2obs is the solid angle subtended by the screen and FOV is
the field-of-view.
The accretion disk spectrum is then fully determined by the parameters ~λ = (ε, Ṁ ,M, robs, i). Figure 2.1
shows how the spectrum is modified by changing one model parameter at a time. From this figure alone,
it is already clear that parameter degeneracies are intrinsic to the model. For example, a combination of a
simultaneous change in Ṁ and i can mimic a simultaneous change in i and M , as well as a change in robs
and a change in ε. Fortunately, however, some of these parameters, such as the source distance and the BH
mass can be measured from other observations [124, 144, 145], which can be used in our choice of priors to
partially break some of these intrinsic degeneracies.
2.4 MCMC Methods
In this section, we describe the MCMC methods we use to explore the likelihood surface when carrying out
parameter estimation.
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Figure 2.1: (Color Online) Impact of the model parameters on the thermal spectrum of a thin disk. The
parameters not specified in the caption are fixed to ε = 0.0, Ṁ = 1018 g/s, M = 10M, robs = 10 kpc and
i = 60◦. Observe how a combination of a variation in Ṁ and in i can mimic a variation in ε.
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Given a synthetic data injection Linj characterized by N̄



















where the summation is over F = 50 sampling frequencies νi ∈ (1016.8, 1018.3) [Hz] evenly spaced logarith-
















The term δλ∗n is a measure of the observational error in the injected parameter λ
∗
n ∈ ~λ∗. Based on previous
works [124, 144, 146, 147, 148], we here choose δε = 0.1, δ log Ṁ = 0.2 g s−1, δM = 1.0M, δrobs = 2 kpc
and δi = 5◦.
We use the affine invariant MCMC sampler emcee [149] to explore the likelihood surface and construct





times the parameter priors. For the latter, we choose uninformative (flat) priors on the parameters ε, Ṁ
and i, with ranges −0.9 < ε < 0.9, 17 < log Ṁ [g s−1] < 19 and 0 < i [rad] < π/2. For the parameters robs
and M , we choose Gaussian priors with means µrobs = r
∗
obs µM = M
∗ and standard deviations σrobs = δrobs
and σM = δM . We make this choice because these parameters are typically known to some degree from
independent observations [124, 145].
The ensemble of walkers is always initialized by sampling from the prior distributions. For all the cases
studied here, we burn-in the sampler for more than 50 autocorrelation time scales and run until ∼ 100, 000








Table 2.1: Classification of cases studied in this paper. In case A, we inject a GR signal and attempt to
extract it with a GR model, allowing us to estimate the accuracy to which accretion disk model parameters
can be measured. In case B, we inject a GR signal and extract it with a non-GR model, allowing us to
determine how well a non-GR deviation can be constrained. In case C, we inject a non-GR signal and
extract with a GR model, allowing us to estimate the systematic uncertainties introduced in the extraction
of accretion disk model parameters due to the a priori assumption that GR is correct. In case D, we inject
a non-GR injection and extract with a non-GR model to determine whether GR deviations can be detected
if they are present in the data.
2.5 Experimental Relativity Studies
In this section, we carry out different experimental relativity studies associated with accretion disk spectral
observations. We classify the different studies based on whether the synthetic injection is constructed within
GR or outside GR and whether the model used to recover the injection is built within GR or outside GR, as
summarized in Table 3.1. Cases A and B are those in which the injected signal is generated assuming GR,
and we use either a GR (case A) or a non-GR model (case B), to recover the injection. Cases C and D are
those in which the injected signal is generated with a non-GR model (ε 6= 0), and we use either a GR (case
C) or a non-GR model (case D) to recover the injection. In all cases, the synthetic injection and the model
are both constructed as described in Sec. 2.3, so in the GR cases the parameter are ~λ = (log Ṁ,M, robs, i)
since ε = 0, while in the non-GR cases the parameters are ~λ = (ε, log Ṁ,M, robs, i).
The reason for these different studies is that each case allows a different type of investigation. Case A is
perhaps the simplest, and in fact, what most of observed accretion disk spectra analysis implement. The goal
of such a study would be to determine how well the parameters that describe the accretion disk model can be
extracted given an observation. Case B is also a common investigation, whose goal is to determine how well
a non-GR deviation can be constrained given an observation consistent with GR. Cases C and D, however,
have not been studied as much. Case C allows one to determine how much systematic error one accrues by
assuming GR is correct a priori (an assumption sometimes referred to as fundamental bias) if nature were
to deviate from GR (see, for instance, Ref. [150] for an example). Case D allows one to determine whether
a GR deviation could be detected and differentiated from GR if nature were to deviate from GR.
Even though we show results for mainly a few representative examples of certain combinations of injected
parameters, the features we find are generic and based on an extensive numerical study in a very large region
of parameter space. We present our results through corner plots that show the one and two dimensional
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projections of the posterior probability distributions of the parameters discussed in each case of study. The
diagonal parts of the corner plots show the marginalized posterior distribution for each parameter, which
allows one to read off the value of the best fit and the accuracy to which this best fit is determined. The
off-diagonal parts of the corner plot show the two-dimensional projections of the likelihood, which show the
covariances between parameters.
2.5.1 Case A: Parameter Estimation in GR
We start with Case A: a GR injection extracted with the same GR model. Figure 3.1 shows the corner plot
for this analysis. As expected, the posterior distribution of M and robs are close to Gaussian, but this is
not because the posterior is dominated by the likelihood, but rather it is because it is dominated by the
Gaussian priors. The posterior distributions for Ṁ and i tell a different story, with Ṁ measured to roughly
one order of magnitude, while i is not measured at all. This is because of the strong covariances between Ṁ
and i in the energy flux, which we already highlighted in Sec. 2.3.
2.5.2 Case B: Constraints on GR Deviations
We now move on to Case B: a GR injection recovered with a non-GR model. Figure 2.3 shows the corner
plot for this analysis using the observational errors described below Eq. (3.8) (red distributions), which are
consistent with current telescope capabilities, as well as errors that are one order of magnitude smaller (blue
distributions), which are consistent with future telescope capabilities. Observe that the posterior distribution
on the bumpy parameter ε is nearly flat, changing very little from the initial flat prior distribution even when
using future telescope capabilities. This is also the case for the parameters Ṁ and i when using current
telescope capabilities, which is consistent with the results of Fig. 3.1. However, when we employ future
telescope capabilities, Ṁ and i can now be measured.
One way to quantify how similar or dissimilar the posterior distribution is relative to the prior distribution









where pr(λn) is the prior on the λn, while p(λn) is the posterior. Clearly, when the posterior is equal
to the prior, the divergence measure vanishes, while it increases logarithmically the more dissimilar these
distributions are. The divergence measure can thus be thought of as quantifying the amount of information
(measured in bits) that is gained by performing a given observation. Table 2.2 presents the divergence
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Figure 2.2: Corner plot resulting from the MCMC analysis for case A. The vertical black lines correspond to
the injected values. Observe that Ṁ and robs are well constrained, but this is because of the Gaussian priors
we used. Observe also that M and i are much less well estimated due to the large degeneracies between
these two parameters.
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Figure 2.3: (Color Online) Corner plot resulting from the MCMC analysis of case B, with the vertical black
lines corresponding to the injected values. The red distributions correspond to the choice of observational
error described below Eq. (3.8) (consistent with current telescope capabilities), while the blue distributions
correspond to observational errors that are one order of magnitude smaller (consistent with future telescope
capabilities). Observe that the posterior on the bumpy parameter is consistent with the prior in both cases,
with a slight improvement when decreasing the observational error.
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Table 2.2: Information gain between prior to posterior in bits for the two cases shown in Fig. 2.3 for each
parameter. The first column correspond to the choice of observational error described below Eq. (3.8)
(consistent with current telescope capabilities), while the second one correspond to observational errors that
are one order of magnitude smaller (consistent with future telescope capabilities).
measure for case B, which confirms the conclusions of the previous paragraph: there is very little information
gained in all parameters with current telescope capabilities. In particular, there is little information gain in
ε, but also in M and robs, because the posteriors of Fig. 2.3 are actually dominated by the Gaussian priors
we chose.
Let us now focus only on the posterior distribution of the bumpy deformation parameter ε. Figure 2.4
shows this posterior both assuming current telescope capabilities (red) and future telescope capabilities
(blue). Moreover, this figure also shows a separate MCMC run in which we freeze all parameters in the
non-GR model at the injected values, except for ε (dashed curves). Observe that in general the posterior
distributions are rather flat and consistent with the priors, indicating that one cannot constrain ε at all.
However, if one freezes all parameters except for ε and uses a sufficiently small estimate for the accuracy
to which ε can be measured, then one may be misled into believing that ε can be constrained rather well.
This is clearly an artifact of freezing the parameters in the model, and therefore ignoring the important and
strong covariances between the parameters, which tend to deteriorate our ability to test GR. Based on the
results shown in Table 2.2, an improvement of two orders of magnitude in telescope capabilities will provide
a gain of information DKL of order unity, allowing ε to be constrained.
2.5.3 Case C: Fundamental Bias
Let us now consider case C: a non-GR injection extracted with a GR model. Figure 2.5 shows the corner
plot for two such analysis, where in one we injected a non-GR model with ε∗ = −0.5 (red) and in the other
we injected ε∗ = −0.1 (blue). For the parameters M and robs the effects of a non-GR signal are minimal
because these parameters are already assumed to be well constrained independently through the Gaussian
priors we chose. For the parameters Ṁ and i, however, the posteriors are quite different when we inject a
non-GR deviation with a large enough bumpy parameter than what we found before. When ε∗ = −0.1 (blue
case), the posteriors are indeed very similar to what we obtained with an ε∗ = 0 (GR) injection. But when
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Figure 2.4: (Color Online) Marginalized posterior distributions for the bumpy deviation parameter ε assum-
ing current (red) and future (blue) telescope capabilities. The dashed distributions correspond to separate
MCMC runs in which all parameters in the non-GR model are frozen to their injected values except for ε.
Observe how keeping the parameters of the model fixed could mislead us into believing we can constrain ε
quite well, which is merely an artifact of ignoring the covariances in the model parameters.
ε∗ = −0.5 (red case), the posteriors peak significantly away from the injected values.
The conclusion of this analysis is that if astrophysical BHs are not described by the Schwarzschild metric,
but instead there is a sufficiently large deformation, then the extraction of accretion disk model parameters
could be systematically biased. Care must be taken with this statement, however, since the value of the
deformation that is required for this to happen is unrealistically large. Indeed, other observations using
Solar System data, binary pulsar data, gravitational wave data or BH low-mass X-ray binaries have already
constrained GR to a certain degree that typically would disallow values of ε as large as those injected here.
As a particular example, the strongest constraint on Einstein-dilaton-Gauss-Bonnet gravity [35] comes from





, where α is the coupling constant of theory, implying that ε . 0.05 for the systems
studied here.
2.5.4 Case D: Detecting Deviations from GR
Finally, let us consider case D: a non-GR injection extracted with a non-GR model. Figure 3.2 shows the
corner plot for 3 such analysis, where we injected a non-GR signals with ε = −0.5 (red), ε = −0.1 (blue)
and ε = +0.5 (green). As the posteriors show, when the injected GR deviation is large enough, then the
posterior on ε peaks significantly away from zero, indicating the presence of an anomaly that ought to be
investigated further. However, for smaller deformations, as in the case of ε∗ = −0.1 and ε∗ = +0.5, the
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Figure 2.5: (Color Online) Corner plot resulting from the MCMC analysis of case C. The vertical lines
correspond to the injected values. The red distribution correspond to an injected bumpy deformation
parameter of ε∗ = −0.5, while the blue distributions correspond to an injection with ε∗ = −0.1. Observe
that when the GR deviation is negative enough, the posteriors for the accretion rate and the inclination angle
peak significantly away from the injected value, indicating a systematic uncertainty due to fundamental bias.
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deformation is not significant enough to allow an observation of this type to distinguish between GR and
non-GR. In this sense, one could thus easily be in a situation in which a GR deviation is present in the BH
background, yet the observed accretion disk spectra is not sensitive enough to detect it (or distinguish a GR
model from a non-GR model).
One may wonder at this juncture why it is that an ε∗ = −0.5 allows for the identification of a non-
GR deviation, while when ε∗ = +0.5 this is not the case. The answer is that when ε < 0, the corrections
introduced on the ISCO location are significantly larger than when ε > 0. Indeed, the ISCO radius can change
to 12.33M when ε∗ = −0.5, while it moves to 5.24M when ε∗ = +0.5. Since the ISCO radius controls the
location of the innermost edge of the accretion disk, this has a dominant effect on the magnitude of the
non-GR correction to the flux.
2.6 Conclusions
We simulated the thermal accretion disk spectra of stellar-mass BHs within and outside of GR, where the
modifications were parameterized in terms of a bumpy deformation parameter. We have shown that the use
of the accretion disk spectrum to constrain or identify non-GR deformations from a GR background is, at the
very least, challenging. This is because of the degeneracy between the accretion disk model parameters and
the non-GR bumpy parameter. Our analysis used a relatively simple spectral model, in which we ignored
other sources of systematic error, such as those introduced due to calibration, other spectral components
or incomplete modeling of the accretion disk physics. The inclusion of such effects can only strengthen the
conclusions we arrived at, making it even more difficult to test GR with such observations.
Our study also demonstrates the rather well-known fact (at least in some scientific communities) that
carrying out a detailed exploration of the likelihood surface when estimating parameters is of crucial impor-
tance. Indeed, χ2 studies that focus on a particular sub-region of parameter space (e.g. freezing a subset of
the model parameters) can greatly underestimate the effect of parameter covariances, and thus, be incorrectly
led to too strong a set of conclusions on how well parameters can be measured. An MCMC exploration of the
likelihood is a powerful technique to properly explore the likelihood, though it is computationally expensive
and, as in the case studied here, it may require the use of high-performance computing clusters.
Our work can of course be extended along several different directions. As a proof-of-study, our analysis
focused on a rather simple accretion disk model, in which we ignored the BH spin, the accretion disk thickness,
and other accretion disk physics (beyond those approximated in a simple geometrically thin/optically thick
set-up). One could thus repeat our analysis to include these effects, and we expect that such a study will
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Figure 2.6: (Color Online) Corner plot resulting from the MCMC analysis of case CD The vertical lines
correspond to the injected values. The red distribution correspond to an injected bumpy deformation
parameter of ε∗ = −0.5, the blue to ε∗ = −0.1 and the green to ε∗ = +0.5. Observe that when the GR
deviation is negative enough, the posterior on ε∗ peaks significantly away from zero, indicating the presence
of a GR deviation. However, when the deformation is not large enough, then the accretion disk spectra are
not sensitive enough to identify a deviation.
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only strengthen our conclusions, i.e. competitive tests of GR with accretion disk observations will be found
to be even harder. This is because the inclusion of these effects does not increase the accuracy of the data
set or produce any discernible features in the model, while it does increase the parameter degeneracies in
the model. It is important to note that, while the effect on the deformation parameter studied here has a
similar effect on the spectrum as the spin parameter, these two parameters are not completely degenerate,
since spin also introduces frame dragging and other modifications to the metric that are different from those
introduced by the ε parameter (though these differences are sub-dominant in the continuum spectrum).
Therefore, in order to consider spin, one should deform away from the Kerr metric (not the Schwarzschild
metric considered here), as otherwise one could be misled to believe one has measured a GR deviation when
in reality this is not the case. That is why if a deviation is ever measured, the results should be taken with
extreme caution.
Another possible direction for future research would be to investigate other non-GR deformations of
the Kerr metric. In this work we focused on a particular bumpy metric, and on top of that, we restricted
attention to a single deformation parameter. The inclusion of multiple parameters in the bumpy metric is
necessary from a theory stand point, since no BH solution in any known modified theory leads only to a
modification in the location of the event horizon, as we considered here. The inclusion of more parameters in
the bumpy metric, however, will only increase the parameter degeneracies in the model, thus again worsening
the constraints we can achieve on modified gravity.
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Chapter 3
Thermal Accretion Disk Spectra
Based Tests of General Relativity
This chapter is based on: Thermal Accretion Disk Spectra Based Tests of General Relativity. A.
Cardenas-Avendano. Proceedings 2019, 17, 14, (2019).
Abstract The continuous X-ray flux of stellar-mass black holes provides an excellent source of data to
learn about the astrophysics of accretion disks and about the spacetime itself. The extraction of information,
however, depends heavily on our ability to correctly model the astrophysics and the theory of gravity, and
the quality of the data. By combining a relativistic ray-tracing and Markov-Chain Monte-Carlo sampling
technique, I show that the incorporation of the spin parameter through a slowly-rotating approximation,
is not able to break the complex degeneracies of the model and therefore, when introducing modifications
beyond general relativity it is very challenging to perform tests of general relativity with this type of ob-
servations. As a particular case, I show that it not possible to distinguish the small-coupling, slow-rotation
black hole solution of dynamical Chern–Simons gravity from the Kerr solution with current instruments.
3.1 Introduction
Before the detection of gravitational waves, the only source of information about black holes (BHs) was
obtained purely through the electromagnetic spectrum [5]. In particular, for stellar-mass black holes the
accretion disk spectrum [84], which peaks around kT∼0.1–1 keV, has shown to be a powerful tool to un-
derstand the astrophysics of the material surrounding them and about the spacetime itself. Most of the
information of the spectrum produced by an accretion disk is obtained around its peak mainly because there
are no special features at different wavelengths and the power drops by orders of magnitude away from
the peak.
The electromagnetic spectrum of accreting black holes binaries can be described by at least three com-
ponents: a thermal component in the soft X-ray band, a hard X-ray spectrum dominated by the direct
radiation from the hot corona and a reflection component of the disk [86]. The resulting spectrum is ex-
tremely informative, given its many features, which is the heritage of the richness of the many physical
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processes occurring. However, when applying disk-reflection methods to estimate parameters, the results
are strongly affected by systematic uncertainties related to both the spectral models as well as the calibration
of the spectral data [101]. Nevertheless, despite these challenges, significant results have been delivered over
the last years, and many sources have been studied, providing information about the astrophysics of black
hole accretion [153]. These techniques continue to be refined as the quality of the data improves and soon
will become a precision tool for astrophysics.
The vast majority of these models assume Einstein’s general relativity (GR) as the underlying theory
of gravity to describe the geometry of the black hole, which ultimately dictates the motion of the particles
in the disk and the trajectory of the photons that arrive at our detectors. This assumption is to date well
supported by a plethora of precision experiments and observations that GR has passed with flying colors
in the weak field [7]. Black holes and the dynamics around them, however, belong to the strong gravity
regime, i.e., where the curvature of the spacetime is large, the gravitational field is strong and dynamical,
and the characteristic velocities are comparable to the speed of light. Because the light we observe from
X-ray binaries comes from a region of strong gravity, these observations provide an ideal scenario to test our
theory of gravity in the strong-field regime. But to guarantee that these tests of the theory are accurate,
the accretion disk structure must be correctly modeled.
Ideally, one should study different models of accretion and include, consistently, modifications of GR
at the same time, but in practice, this approach is not feasible. That is why over the past years different
groups have studied different parts of the model, piece by piece, by changing a component, either in the
astrophysics of the disk or in the theory of gravity, and keeping the rest unmodified (see, for instance,
Refs. [154, 155, 132, 156, 157, 105, 135, 101] for different types of modifications). If one keeps the astrophysical
model of the disk fixed and only varies its parameters, there are four types of simulations, listed in Table 3.1
and explained in detail in Ref. [158], to study either the astrophysical model itself or the gravitational sector.
These types of simulations are classified based on whether the synthetic injection is constructed within GR
or outside GR and whether the model used to recover the injection is built within GR or outside GR. Thus,
each case is composed of a base model and a deformation of the base model and the signal is constructed
through a realization of a model, be it a pure GR model or a non-GR model.
A detailed study of these four cases was carried out in Ref. [158] through a parametrization of potential
deviations from the Schwarzschild metric in terms of a bumpy parameter. It was shown there that for small
values of the injected deformation, the modified spectrum is not sufficiently different from those produced
in GR to break the strong degeneracies with the disk model parameters. As the degeneracies in a simple








Table 3.1: Studies considered in this work. In cases A and B, GR signals are injected and then attempted
to be extracted with a GR and a non-GR model, respectively. Case A aims to estimate the accuracy to
which accretion disk model parameters can be measured, while case B aims to determine how well a non-GR
deviation can be constrained. Conversely, in cases C and D, non-GR signals are injected and then extracted
with a GR model and a non-GR model, respectively. Case C aims to estimate the systematic uncertainties
introduced in the extraction of accretion disk model parameters due to the a priori assumption that GR is
correct, while D aims to determine whether GR deviations can be detected if they are present in the data.
complicated model is capable of better-capturing features present in the signal. Furthermore, as black holes
are expected to be spinning in nature, the correct base for the models should be a rotating BH solution, so
the incorporation of spin in the model is a good candidate to increase the complexity of the model.
The chosen bumpy parameter used in Ref. [158] was shown to change the location of essential signatures
of the strong gravity that are characteristic to BHs: the event horizon, the ergosphere, the innermost
stable circular orbit (ISCO), and the photon sphere, in a similar way as the rotation does in the Kerr case.
Therefore, the bumpy parameter should be, in principle, degenerate with the spin if the spin were included in
the model. These two parameters, the spin, and the bumpy parameter, however, cannot be 100% degenerate
with each other, as the spin introduces frame-dragging effects and other modifications to the metric that are
different from those introduced by the bumpy parameter.
Following closely Ref. [158], in this work I study the thermal component of the accretion disk and
introduce the spin through a slow-rotation expansion of the Kerr solution, which assumes that the magnitude
of the BH spin angular momentum S is much smaller than its mass, M , squared, i.e., χ = S/M2 
1. At zeroth order in rotation, the slow-rotation expansion of the Kerr metric reduces precisely to the
Schwarzschild metric, and at next order in rotation, it represents a deformation of Schwarzschild. Instead of
considering a bumpy parameter as it was done in Ref. [158], I chose a well-motivated, parity-violating effective
field theory; dynamical Chern-Simons (dCS), to be the underlying theory of gravity. The results presented
here extend the findings of Ref. [158] to the rotation case, and agree with the ones presented in Refs. [132, 135],
showing that it not possible to distinguish the small-coupling, slow-rotation black hole solution of dynamical
Chern–Simons gravity from the Kerr solution with current and next-generation instruments.
The remainder of this paper shows the details of the calculations that led to the above conclusions.
Section 3.2 describes the dCS metric, Section 3.3 presents the results of the simulations performed and
finally Section 5.5 concludes. When not mentioned, geometric units are used in which G = 1 = c.
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3.2 Dynamical Chern-Simons
Rotating BH solutions in extended theories of gravity have mostly been found in the small-coupling and
slow-rotation approximations, i.e., assuming that the solution is a small deformation from GR, and that the
dimensionless spin parameter is much smaller than unity. This assumptions do not guarantee the existence
of exact integrals of the motion [159], as in GR, making the study of geodesics only possible numerically.
One well motivated example of this type of solutions is dynamical Chern–Simons gravity, a four-dimensional
effective theory that derives from loop quantum gravity [160], string theory [54] and inflation [161]. This
















where, g is the determinant of the metric gµν , κg ≡ (16π)−1, α and β are coupling constants, Rµνδσ is the
Riemann tensor, Lmat is the matter Lagrangian density, ϑ is a dimensionless pseudo-scalar field, and ∗Rµνρσ




with εµναβ the Levi-Civita tensor. The coupling constants are taken such that β is dimensionless and α has






where M is a characteristic length of the system.
In this work, I consider the BH solutions derived using perturbation theory techniques presented in
Ref. [34], which are valid to first order in the spin and coupling parameter. At this order the slow-rotation




















sin2 θ , (3.4)
where (t, r, θ, φ) are Boyer-Lindquist coordinates. Note that the dCS modification deforms the gravitational




The simulations presented in this work are set up following closely Ref. [158]. The time-averaged energy flux









(E − ΩL)L,r′dr′ (3.5)
is computed assuming a Novikov-Thorne model [90], i.e., a geometrically thin and optically thick accretion
disk with the material in circular rotation. Here spherical polar coordinates are considered and E, L and
Ω are the energy, (z-component of the) specific angular momentum and the orbital frequency, respectively.
These quantities are found from the components of the metric. The inner edge of the disk, rin, is assumed
here to coincide with the innermost stable circular orbit (ISCO), and the disk extends up to r = 300M .
GYOTO [142] is used to solve for the motion of photons from the observer, located a distance robs at an in-
clination angle i, to the accretion disk (integrating backwards in time), which produces the Planck function’s
Bν on the screen, from which the computation of the observed flux is calculated [132]. Thus, the accretion
disk entirely is determined by the parameters ~λ = (a, ζ, Ṁ ,M, robs, i), i.e., the spin, the dimensionless cou-
pling constant of dCS, the mass accretion rate, the mass, the location and the inclination angle of the black
hole, respectively.
The analysis of the resulting spectra is carried out by a Markov-Chain Monte-Carlo (MCMC) exploration
of the likelihood to find the marginalized posterior distributions for each parameter, through the affine
invariant MCMC sampler emcee [149], as follows. Given a synthetic data injection Linj characterized by N̄
∗
injected parameters ~λ∗ = (λ∗1, . . . , λ
∗
N̄∗
), the N̄ parameters ~λ = (λ1, . . . , λN̄ ) are estimated in the model Lmod














where the summation is over F = 50 sampling frequencies νi ∈ (1016.8, 1018.3) [Hz] evenly spaced logarith-

















The term δλ∗n is a measure of the observational error in the injected parameter λ
∗
n ∈ ~λ∗. For the
GR cases the parameters are ~λ = (a, log Ṁ,M, robs, i), while in the non-GR cases the parameters are ~λ =
(a, ζ, log Ṁ,M, robs, i). The priors are assumed to be uninformative (flat) on the parameters a, ζ and Ṁ ,
with ranges −0.2 < a < 0.2, 0 ≤ ζ ≤ 0.2 and 17 < log Ṁ [g s−1] < 19, with δa = 0.05, δζ = 0.05 and
δ log Ṁ = 0.2 g s−1, respectively. For the parameters robs, M and i, Gaussian priors were chosen with means
µrobs = r
∗
obs, µM = M
∗ µi = i
∗ and standard deviations σrobs = 2 kpc, σM = 1.5M and σi = 5
◦, as these
parameters are typically known to some degree from independent observations [124, 145, 144, 162, 146, 147].
Even though I will show results for mainly two representative examples, simulation of the four cases
shown in Table 3.1 were performed, and the features are generic and based on an extensive numerical study
in a very large region of parameter space. The corner plot shown in Figure 3.1 refers to the case when a GR
injection is extracted with the same GR model, i.e., simulations of the type A. As expected, the posterior
distribution of M , robs and i are dominated by the Gaussian priors. However, the spin and accretion rate
show a complex degeneracy between them, which directly translates into a weak determination of these
two parameters. In particular, these strong covariances make the spin parameter not measurable at all,
while Ṁ is measured to roughly one order of magnitude. The results of the simulation performed when a
non-GR injection is extracted with a non-GR model, i.e., case D, are shown in Figure 3.2, where a non-
GR signal was injected with ζ = 0.1. The posterior distribution on the coupling constant is almost flat,
resembling the prior distribution. This is also the case for the parameters a and Ṁ , which is consistent
with the results of Figure 3.1. From the studied cases, one can focus on the posterior distribution of these
parameter. In particular, the posterior distributions of the spin parameter a are shown in Figure 3.3 for
all the simulations with injected values a = 0 and ζ = 0.1. The recovered posterior is flat and consistent
with the prior, indicating that one cannot constrain a at all in any of the four types of simulations. This
behavior holds even for higher values of the spin, e.g., a∼0.2, which agrees with the results shown in the
literature [101], where typically only when the value of the spin parameter is very high, a∼0.8, relativistic
effects are strong enough to break parameter degeneracy. The posterior distributions of the coupling constant
ζ are shown in Figure 3.4 for simulations performed for cases B and D, with injected values a = 0.2, ζ = 0.1.
The results imply that the changes in the spectra are not significant enough to allow an observation of this
type to distinguish between GR and non-GR, making the posteriors consistent with the priors. This implies
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Figure 3.1: Results of the MCMC analysis for case A, where the vertical lines correspond to the injected val-
ues. The parametersM , robs and i are well constrained, mainly because of the Gaussian priors used. However,
the parameters a and Ṁ are not well estimated due to the large degeneracies between these two parameters.
40
Figure 3.2: Results of the MCMC analysis for case D, where the vertical red lines correspond to the in-
jected values. Similarly, as shown in Figure 3.1 the parameters M , robs and i are well constrained due to the
Gaussian priors used, and a, ζ and Ṁ are not well estimated due to the large degeneracies between them.
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Figure 3.3: Marginalized posterior distributions for the dimensionless spin parameter for case A
(dashed black), case B (blue), case C (red) and case D (solid black). The dashed vertical line shows the
injected value of the spin parameter. Note that this distributions are statistically indistinguishable.
that one could thus be in a situation in which a GR deviation is present in the BH background, yet the
observed accretion disk spectra is not sensitive enough to detect it (or discern a GR model from a non-GR
model), and consequently the amount of fundamental bias in the recovered parameters is negligible and well
within the statistical uncertainties.
3.4 Conclusions
I have presented here a slight extension of the results presented in Ref. [158], allowing for a non-GR defor-
mation of the Kerr metric, through a slowly-rotating approximation. I show that the use of the accretion
disk spectrum to constrain or detect non-GR deformations from a GR background is extremely challenging
due to the degeneracies between the accretion disk model parameters, even when considering a model that
accounts for the rotation of the source.
Current accretion models are characterized by a large number of parameters that must be inferred from
the fit of the spectrum. In particular, spin measurements of black holes are often obtained by imposing some
strong assumptions on the value of other model parameters, and therefore they should thus be taken with
some caution. Thus, the degeneracy of the spin and the parameter that controls the non-GR modification
shown here limits the power of this type of measurements with current observations. The results presented
here are in complete agreement with current spin measurements [147, 153], i.e., large errors for slowly
rotating sources.
Modifications of GR are expected to be in general small due to the plethora of other gravity tests already
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Figure 3.4: Marginalized posterior distributions for the dCS dimensionless coupling constant ζ for case B
(blue) and case D (red), with an injected value of a = 0.2 for these simulations. The dashed vertical line
shows the injected value for that parameter. Note that this distributions are statistically indistinguishable.
performed, and therefore, as shown in Ref. [158], if astrophysical BHs are not described by a GR solution,
but instead there is a large deformation, then the estimation of the parameters could be systematically biased.
By performing a detailed analysis of the likelihood surface to find the marginalized posterior distribution for
the coupling constant of dynamical Chern–Simons gravity, I show that it is not possible to distinguish this
solution from the Kerr solution with current instruments. This has been shown in previous studies using
the information from the events detected so far by the LIGO-Virgo collaboration [69] and also through the
thermal component of the spectrum where small portions of the parameter space were studied for a few
cases [132] or on a grid [135].
The analysis presented here can be extended along several different directions, as the main focus was on
a rather simple accretion disk model, which is suitable only for slowly rotating BHs. For instance, the accre-
tion disk thickness and other accretion disk physics (beyond those approximated in a simple geometrically
thin/optically thick model) could be included. One could thus repeat this type of analysis to include these
effects and even quantify the systematic error of the models.
Acknowledgments I thank Nicolás Yunes, Dimitry Ayzenberg, Javier Garcia and Jaxen Godfrey for
fruitful discussions and comments, and Azel Murzabekova for providing useful material. Computational
efforts were performed on the Hyalite High-Performance Computing System, operated and supported by
Montana State University’s Information Technology Center.
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Chapter 4
Modeling uncertainties in x-ray
reflection spectroscopy measurements
This chapter is based on: Modeling uncertainties in x-ray reflection spectroscopy measurements.
II. Impact of the radiation from the plunging region. A. Cardenas-Avendano, M. Zhou, C. Bambi.
Physical Review D 101, 123014, (2020).
Abstract X-ray reflection spectroscopy is a powerful tool to probe the strong gravity region around black
holes, but the available relativistic reflection models have a number of simplifications that lead to systematic
uncertainties (not fully under control) in the measurement of the properties of a source. In Paper I, we
considered the case of an optically thin plunging region and we studied the impact of the radiation produced
by the other side of the disk or circling the black hole one or more times. In the present paper, we discuss the
case of an optically thick plunging region and we study the impact of the reflection spectrum of the plunging
gas. We show that the contribution of such radiation is more important for low values of the black hole
spin parameter and large values of the viewing angle, and it decreases significantly as the spin parameter
increases and the inclination angle decreases. While the estimate of some parameters may be affected by
the reflection spectrum of the plunging gas if this is not included in the theoretical model, we find that such
radiation does not appreciably limit our capability of testing the Kerr black hole hypothesis.
4.1 Introduction
Relativistic reflection features are commonly observed in the X-ray spectra of black hole binaries and active
galactic nuclei (AGNs) [91, 163, 92, 164, 165, 166, 167, 168]. They are produced when the accretion disk is
illuminated by a hot corona [93, 169, 170]. X-ray reflection spectroscopy is the analysis of the relativistic
reflection spectrum of an accreting black hole and can be a powerful tool to study the inner part of the
accretion disk [171], measure black hole spins [172, 173, 100, 174], and even test Einstein’s theory of general
relativity (GR) in the strong field regime [175, 176, 177, 96, 105, 108, 178, 179, 180, 181].
As in any astrophysical measurement, accurate and precise estimates of the properties of a source with
X-ray reflection spectroscopy require sufficiently sophisticated theoretical models to limit modeling bias. The
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available relativistic reflection models have a number of simplifications that introduce systematic uncertain-
ties in the final measurements [182, 183, 184, 158]. In order to get more reliable measurements of accreting
black holes using X-ray reflection spectroscopy, it is thus crucial to develop more sophisticated theoretical
models, removing the unjustified model simplifications, and, at the same time, have at least a rough estimate
of the impact of all the model simplifications on the measurement of the parameters of interest to ensure
that the associated systematic errors are much smaller than the statistical errors of the measurement.
Simplifications in the relativistic reflection models can be conveniently grouped into four classes: i)
simplifications in the calculation of the reflection spectrum at the emission point in the rest-frame of the
gas, ii) simplifications in the description of the accretion process, iii) simplifications in the description of the
hot corona, and iv) simplifications related to relativistic effects not taken into account. Depending on the
intrinsical physical features of the source during the observation, the properties of the observational facility,
and the aim of the study, some simplifications are more or less justified than others. In Ref. [185] (Paper I),
accreting black holes with optically thin plunging regions, namely the region between the black hole event
horizon and the inner edge of the accretion disk, were considered. In such situation, the distant observer also
sees the reflection radiation produced by the other side of the disk as well the reflection radiation circling the
black hole one or more times (higher order disk images). Then observations were simulated with the XIFU
instrument of Athena [186] and fitted with a model that did not include the calculation of the reflection
spectrum produced by higher order disk images in order to study the capability of the model to recover
the correct input parameters, with particular attention to the possibility of testing the Kerr metric around
the source. In Paper I, it was found that the effect of higher order disk images can be safely ignored for
observations with present and near future X-ray facilities.
In the present paper (Paper II), we consider the opposite case, namely accreting black holes with optically
thick plunging regions, and we study the impact of the reflection radiation of the plunging gas on X-ray
reflection spectroscopy measurements, with particular interest on tests of the Kerr black hole hypothesis and
the measurement of the deformation parameters of the background metric. For a steady-state, axisymmetric,
geometrically thin disk, we can employ the continuity equation to derive the optical depth to electron










where L = ηṀ is the accretion luminosity, η is the radiative efficiency, LEdd is the Eddington luminosity,
rg = M is the gravitational radius, and u
r is the radial component of the 4-velocity of the accreting gas
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in the plunging region. From Eq. (4.1), we see that the plunging region is optically thin for very low mass
accretion rates and optically thick otherwise: τ < 1 for L/LEdd < 0.05 in the Schwarzschild spacetime with
η = 0.06, and for L/LEdd < 0.01 in the Kerr spacetime with a∗ = 0.998 and η = 0.3.
As a preliminary study to estimate the magnitude of the impact of the reflection radiation produced in
the plunging region, and because of our ignorance on the geometry of the corona and the properties of the
gas in the plunging region, we employ some toy models to calculate reflection spectra taking into account
the contribution from the plunging gas. In order to evaluate the impact of the radiation from the plunging
region on current and near-future X-ray reflection spectroscopy measurements, and in particular on the tests
of the Kerr metric, we proceed as in Paper I, and we simulate some observations with the XIFU instrument
of Athena. We then fit the data with the model relxill nk [105, 107] and we compare the best-fit values
with the known input parameters. We find that the contribution of such radiation is more important for low
values of the black hole spin parameter and large values of the viewing angle, and it decreases significantly
as the spin parameter increases and the inclination angle decreases.
This paper is organized as follows: Sect. 4.2 summarizes the accretion disk model used and the general
expressions that govern the fluid in the plunging region; Sect. 4.3 presents the modifications on single iron
lines and on full reflection spectra of the considered model; Sect. 4.4 shows the results of the different
type of simulations performed; Sect. 4.5 is for the discussion of our results and some concluding remarks.
Throughout the paper, we mostly use geometric units in which GN = c = 1, and the (−,+,+,+) metric
signature. Commas in index lists will stand for partial derivatives.
4.2 Radiation from the plunging region
Our systems are black holes accreting from geometrically thin and optically thick disk, and we employ the
Novikov–Thorne model [90, 188]. The disk lies on the equatorial plane of the system, perpendicular to the
black hole spin axis. The particles of the gas in the disk move on nearly-geodesic, equatorial, circular orbits
(Keplerian motion). As the gas loses energy and angular momentum, it slowly inspirals towards the black
hole. When the gas reaches the inner edge of the disk, here assumed at the innermost stable circular orbit
(ISCO) [189], it plunges onto the black hole. The plunging region is the region between the inner edge of
the disk and the black hole event horizon. Depending on its gas density, the plunging region can either be
optically thin (very low mass accretion rate) or optically thick (otherwise). If the plunging region is optically
thin, because of the strong light bending in the vicinity of the black hole, the observed reflection spectrum
far from the source receives the contributions from the reflection spectrum produced by the other side of the
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disk or circling the black hole one or more time. This was the scenario studied in Paper I. On the other hand,
if the plunging region is optically thick, we should observe the reflection spectrum produced by illumination
of the plunging gas by the hot corona. This is the scenario investigated in the rest of this paper.
For the description of the flux detected by an observer, we follow Ref. [105], which applies the formalism
of the transfer function for geometrically thin and optically thick accretion disks around a black hole [109].
The transfer function in this context can be interpreted as an integration kernel to calculate the spectrum
detected by the distant observer, starting from the local spectrum at any point of the disk. The usefulness
of this approach is that the observed flux can be rewritten as a function that is proportional to the transfer
function f(g∗, re, i), which depends on the spacetime metric, the disk model, and the viewing angle of the
distant observer, and the specific intensity of the radiation as measured by the emitter Ie(νe, re, ϑe), which











where rin and rout are, respectively, the inner and the outer edges of the disk, re is the emission radius in
the disk, ϑe is the emission angle (i.e., the angle between the normal to the disk and the photon propagation
direction), i is the viewing angle (i.e., the angle between the normal to the disk and the line of sight of the
observer), g = νo/νe is the redshift factor, νo is the photon frequency as measured by the distant observer,
and νe is the photon frequency in the rest frame of the emitter. The relative redshift factor g
∗ (which ranges
from 0 to 1) is defined as g∗ = (g − gmin) / (gmax − gmin), where gmax = gmax(re, i) and gmin = gmin(re, i)
are, respectively, the maximum and the minimum values of the redshift factor g for the photons emitted






where uµo = (1, 0, 0, 0) is the 4-velocity of the distant observer, k
µ is the 4-momentum of the photon, and uνe is
the 4-velocity of the particles of the gas. The material in the disk follows nearly-geodesic, equatorial, circular




e(1, 0, 0,Ω), where









where M and a are, respectively, the mass and the rotational parameter of the black hole (the dimensionless
spin parameter is a∗ = a/M), and λ ≡ kφ/kt, is a constant of motion along the photon trajectory and can
be evaluated from the initial conditions [190].
At r = r∗, circular geodesics become unstable and the material falls into the black hole with the energy
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where kr/kt = −krgrr/kt0 and grr is the (r, r) component of the metric.
The intensity profile of the accretion disk could be calculated theoretically if the coronal geometry were
known. In the case of a corona with arbitrary geometry, it is common to employ an intensity profile described
by a power law or a broken power law. In the simplest case of a power law, the emissivity in the disk (r ≥ r∗)
can be written as





















Figure 4.1: Emissivity profile for a Schwarzschild black hole (blue dotted lines) and for a Kerr black hole
with spin parameter a∗ = 0.98 (red solid lines). In both cases, for r ≥ r∗ we assume an emissivity profile
described by a power law with q = 3. For the plunging region r < r∗, we assume either the profile ε
(1)
in Eq. (4.10) with q = 3 or the profile ε (2) in Eq. (4.11). The vertical solid lines denotes the location of
the ISCO radius (r∗ = 6M and 1.614M , respectively). The dashed lines are drawn at the location of the
horizon (rH = 2M and 1.199M , respectively).
where q is the emissivity index. In the case of a point-like corona source along the black hole spin axis, the
intensity profile of the disk reduces to the form in Eq. (4.10) with q = 3 in the Newtonian limit (no light
bending) at large radii.
Concerning the intensity profile of the plunging region, r < r∗, there is no common choice in literature
since the radiation from the plunging region is normally ignored. In what follow, we consider two different
emissivity profiles for the plunging region. The profiles we consider serve as the physical limits of the
illumination profile of the accretion flow and should be taken merely as an approximation. Our profile (1)
assumes that the emissivity profile in Eq. (4.10) extends to the region inside the ISCO, leading to an
appreciable illumination of the plunging region. Our profile (2) is instead conservative, with a smooth








r∗−ln r∗−1 . (4.11)
Fig. 4.1 sketches these profiles for a Schwarzschild black hole (a∗ = 0) and for a Kerr black hole with spin
parameter a∗ = 0.98.
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4.3 Modification of the spectra
We now use the relativistic ray-tracing code presented in Refs. [105, 185] as a convolution model to transform
a spectrum at the emission point of the disk to the observed spectrum far from the source, taking into account
the relativistic effects. In the same spirit as the work done in Paper I, we perform an analysis of a single iron
Kα line and then of the full reflection spectrum. For the plunging region, we will study the two illumination
profiles discussed in the previous section.
4.3.1 Kα line shapes
The most prominent feature in the reflection spectra of accreting black holes is often a broadened iron Kα
line. In the rest-frame of the gas, this is quite a narrow line at 6.4 keV in the case of neutral iron and shifts
up to 6.97 keV for H-like iron (while there is no line for fully ionized iron). The iron Kα line observed in the
spectra of black holes is broadened and skewed as the result of the sum of all the contributions emitted from
different parts of the accretion disk and differently affected Doppler boosting and gravitational redshift. As
a first, very crude, approximation, we can model the reflection spectrum of the disk as a single iron Kα line.
The study of a single line can illustrate better the impact of the radiation from the plunging region, as the
full spectrum is too convoluted, and makes it harder to clearly account for the qualitative impact.
We assume that the disk emission is a monochromatic line at a rest-frame energy E0 = 6.4 keV and
isotropic. The accretion disk region is r∗ ≤ r ≤ 400M and has the emissivity profile ε (1) in Eq. (4.10) with
q = 3. For the plunging region, rH ≤ r ≤ r∗, we consider profile (1) in Eq. (4.10) with q = 3 and profile (2)
in Eq. (4.11). The results are shown in Fig. 4.2, for different black hole spins and viewing angles.
The contribution of the radiation from the plunging region over the whole broadened line is clearly
very small for high values of the spin parameter (with small plunging regions) and increases as the spin
parameter decreases. The impact of the value of the viewing angle is similar, even if weaker: in this case,
the contribution of the plunging region is more important for high values of the viewing angle and decreases
as the viewing angle decreases. The relative difference between the lines with and without radiation from
the plunging region is larger if we employ profile (1) and smaller for profile (2), but the difference is only at
quantitative level, and the trend with black hole spins and viewing angles does not seem to depend on the
choice of the emissivity profile in the plunging region.
50
Figure 4.2: Iron line shapes for different black hole spins and viewing angles. In every panel, the top
quadrant shows iron lines with (red and blue lines) and without (black lines) radiation from the plunging
region. The red solid lines employ profile (1) with q = 3 for the plunging region and the blue dashed lines
assume profile (2). The intensity profile of the disk is always modeled by a power law with emissivity index
q = 3. The lower quadrants show the relative difference between the iron lines with and without radiation
from the plunging region.
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Figure 4.3: Reflection spectra for different black hole spins and viewing angles. In every panel, the top
quadrant shows spectra with (red and blue lines) and without (black lines) radiation from the plunging
region. The red solid lines employ profile (1) with q = 3 for the plunging region and the blue dashed lines
assume profile (2). In both cases, we employ the ionization parameter log ξ = 4.7 for the material in the
plunging region. The intensity profile of the disk is always modeled by a power law with emissivity index
q = 3. The lower quadrants show the relative difference between the spectra with and without radiation
from the plunging region.
52
4.3.2 Full spectra
We will now consider the whole reflection spectrum, which is extremely informative, given its many features,
which are the heritage of the richness of the many physical processes occurring. Theoretical models to
calculate the reflection spectrum in the rest-frame of the gas depend on the properties of the incident
radiation from the corona (often modeled by a power law with an exponential cut-off, and thus specified by
two parameters: the photon index Γ and the high energy cut-off Ecut), the properties of the accretion disk
(usually specified by the iron abundance AFe, measured in units of Solar iron abundance, and the ionization
parameter ξ or log ξ, in units of erg cm s−1), and the emission angle ϑe. The ionization parameter ξ is
defined as
ξ ≡ 4πF (r)
ne(r)
, (4.12)
where F (r) is the X-ray flux illuminating a unit area of the disk at the radius r and ne(r) is the comoving
electron number density [110].
For the non-relativistic reflection spectrum in the disk we use xillver [110], which provides a library
of synthetic spectra for modeling the component of emission that is reflected from an illuminated accretion
disk. We assume that the incident radiation has photon index Γ = 2 and high energy cutoff Ecut = 150 keV.
The accretion disk has Solar iron abundance, AFe = 1, and ionization parameter log ξ = 3. In the plunging
region, the iron abundance must be the same, but a much higher ionization parameter is expected, which
affects line emissions and continuum photoelectric absorption, mainly due to a rapid decrease of the electron
density of the plunging region [192, 88, 193]. For large values of ξ, fewer emission lines are present [110].
Assuming the two different illumination profiles of the plunging region, (1) and (2), and a constant
ionization parameter in the plunging region log ξ = 4.7 (the maximum allowed in xillver), we found the
spectra shown in Fig. 4.3 for different black hole spins and viewing angles. Since all the calculations in
xillver are done assuming the electron density ne = 10
15 cm−3, higher values of ξ in the tables of xillver
correspond to higher X-ray fluxes F (r) increased by the same factor. Thus, in our simulations we need
to renormalize the flux, such that they match at the ISCO and we are not getting an artificial higher flux
in the plunging region. Fig. 4.3 shows the same trend already found in Fig. 4.2 for the single line shapes.
For rapidly rotating black holes, the contribution from the plunging region tends to be negligible, which
can be easily interpreted with the fact that the size of the plunging region becomes smaller. However, some
features show up, due to the change in the ionization parameter between the disk and the plunging region. In
addition to an increase of the flux intensity, the spectrum tends to become smeared out and the contribution
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Simulation a∗ i Profile (r < r∗) log ξ (r < r∗)
A1 0.9 45◦ (1) 4.7
A2 0.9 45◦ (2) 4.7
B1 0.9 75◦ (1) 4.7
B2 0.9 75◦ (2) 4.7
C1 0.99 75◦ (1) 4.7
C2 0.99 75◦ (2) 4.7
D1 0.99 75◦ (1) 3.0
D2 0.99 75◦ (2) 3.0
Table 4.1: Summary of the input parameters of the simulations in our study.
from the plunging region would be similar to a simple power-law continuum.
4.4 Simulations
In order to quantify the impact of the contribution of the material inside the ISCO, we will now perform
different experimental relativity studies with accretion disk spectral observations. Following the classification
presented in Ref. [158], we will perform two types of studies, where the synthetic injections consider the
contribution of the material inside the plunging region and were constructed within GR. This synthetic
injection would then be to recover with two models, one built within GR and the other one outside GR,
both without taking into account the radiation inside the ISCO. The idea of these two types of experiments
is to consider the implications to parameter estimation when the radiation from the plunging region is
neglected, which can lead to a systematic bias.
We simulate observations using the fakeit command of XSPEC [194], the response file and the back-
ground spectrum of the XIFU instrument of Athena [186], and the theoretical spectra produced in the
previous section. In XSPEC language, the total model is
tbabs×(powerlaw+ reflection) ,
where tbabs takes the galactic absorption into account [195], powerlaw describes a power law component
with a high energy exponential cut-off and represents the direct spectrum from the corona, and reflection
denotes our theoretical reflection spectrum that includes the radiation from the plunging gas. As done in
Paper I, we assume an observation of a very bright AGN (or a moderately bright black hole binary) and
we set the photon flux to 1.4 × 10−10 erg cm−2 s−1. We simulate an observation with an exposure time of
100 ks, which leads to a photon count of about 35.5 millions photons in the 1-10 keV energy band. Before
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the spectral analysis, the simulated spectra are rebinned to have a minimum of 30 photon counts per bin in
order to apply the χ2-statistics.
We simulate 8 observations, whose name and main properties are summarized in Tab. 4.1. In all these
simulations we assume a Kerr spacetime. The spin parameter is a∗ = 0.9 (A1, A2, B1, B2) and 0.99 (C1,
C2, C3, C4). The emissivity profile in the disk is always modeled with a power low with emissivity index
q = 3. For the plunging region, we assume either profile (1) in Eq. (4.10) with q = 3 (simulations with
the number 1 in the name) or profile (2) in Eq. (4.11) (simulations with the number 2 in the name). The
viewing angle is i = 45◦ in simulations A1 and A2 and i = 75◦ in the other simulations. The ionization
parameter in the disk is always log ξ = 3, while than in the plunging region is log ξ = 3 in simulations D1
and D2 and log ξ = 4.7 in the other simulations. The choice of the input parameters in these 8 simulations
will be discussed in the next section.
The simulated observations are fitted with the model
tbabs×relxill nk ,
where relxill nk [105, 107] is an extension of the relxill package [110, 196] to non-Kerr spacetimes.
relxill nk employs a parametric black hole spacetime, namely the Kerr metric deformed by a number of
deformation parameters [128, 78]. When all the deformation parameter vanish, we exactly recover the Kerr
metric. With the spirit of a null-experiment, we can fit the data of a source to infer the values of these
deformation parameter and check a posteriori whether the deformation parameters are indeed consistent with
zero, as required in GR. In the present paper, we employ the Johannsen metric [43] with the deformation
parameter α13. While α13 is an ad hoc deformation parameter of the Kerr metric, an observational constraint
on α13 could be translated into constraints on the coupling parameters of modified theories [158, 181]. We
choose the deformation parameter α13 as it has the strongest impact, among all the deformation parameters
in the Johannsen metric, on the reflection spectrum [105].
The results of our fits for simulations A1, A2, B1, and B2 are reported in Tab. 4.2 (for A1 and A2) and
Tab. 4.3 (for B1 and B2). Note that for every simulation we consider two models: we assume GR and we
set α13 = 0, and we do not assume GR and α13 is a free parameter in the fit. The constraints on the plane
black hole spin parameter vs deformation parameter are shown in Fig. 4.4 (for A1 and A2) and Fig. 4.5
(for B1 and B2). The best-fit values inferred from simulations C1, C2, D1, and D2 are shown in Tab. 4.4,
where this time we only report the results of the non-GR fit with α13 free. The constraints on a∗ and α13
are shown in Fig. 4.6 (for C1 and C2) and in Fig. 4.7 (for D1 and D2). In all figures, the red, green, and
blue curves are for the 68%, 90%, and 99% confidence level limits for two relevant parameters. The gray
area in the bottom right corner of Fig. 4.4 and Fig. 4.5 is ignored in our analysis because it is a region of
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the parameter space were pathological behavior appears [105]. The features of some confidence level curves
are non-physical and related to the difficulties of the algorithm of XSPEC to map properly the parameter
space to find the minimum of χ2 marginalized over all the other free parameters of the fit [158].
4.5 Discussion and conclusions
We have calculated single line shapes and full reflection spectra with and without the contribution from the
plunging region, and we have found that the impact of the radiation from the plunging gas is more important
for low values of the black hole spin parameters and high values of the viewing angles. We can thus expect
that systematic uncertainties and modeling bias are larger for sources with low values of a∗ observed with
high values of i. However, X-ray reflection spectroscopy is thought to provide reliable measurements for
high values of the black hole spin parameter, say a∗ > 0.9, while it is often difficult to break the parameter
degeneracy in the case of sources with low or moderate values of a∗ [197, 101, 158]. This point is even more
important if we want to test the Kerr metric of the source, where more stringent constraints require that
the inner edge of the accretion disk is as close as possible to the black hole event horizon. For this reason,
in our first 4 simulations (A1, A2, B1, and B2) we assumed a∗ = 0.9: for lower values of the black hole spin
it is more and more difficult to recover the correct properties of the system independent of the modeling
uncertainties and they are not our target sources for testing the Kerr black hole hypothesis. Generally
speaking, simulations B1 and B2 should represent the worse situations with a∗ = 0.9 and i = 75
◦.
From our previous work on tests of the Kerr metric with black hole binaries and AGNs, the most stringent
constraints on the Johannsen deformation parameter α13 have been obtained from the analysis of a 117 ks
Suzaku observation in 2007 of the black hole binary GRS 1915+105. Our spectral analysis with relxill nk
gave (90% of confidence level for two relevant parameters) [180, 198]
a∗ > 0.988 , −0.25 < α13 < 0.08 . (4.13)
and an inclination angle of the disk i ∼ 75◦. We have thus decided to study better the impact of the
radiation from the plunging region on the reflection spectrum of a source and we have designed simulations
C1, C2, D1, and D2. All these simulations have an input spin parameter a∗ = 0.99 and viewing angle
i = 75◦. Considering that the ionization parameter ξ does not have discontinuities at the ISCO [193], we
have decided to explore the two extreme cases for the ionization in the plunging region, namely log ξ = 3 as
in the disk and log ξ = 4.7 which is the maximum value allowed in xillver.
All the simulations have been done with the XIFU instrument onboard of Athena, which is expected to be
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A1 A2
Input GR non-GR GR non-GR
tbabs
NH/10
20 cm−2 6.74 6.74∗ 6.74∗ 6.74∗ 6.74∗
relxill nk














































Ecut [keV] 150 150
∗ 150∗ 150∗ 150∗
α13 0 0
∗ −0.2+0.7−0.4 0∗ 0.4
+0.3
−0.3
χ2/ν 20042.69/20412 20042.18/20411 20186.14/20423 20184.37/20422
= 0.9819074 = 0.9819303 = 0.9884024 = 0.9883641
Table 4.2: Input parameters and best-fit values for simulations A1 and A2. For both simulations, we fitted
the data with the GR model (α13 = 0) and non-GR model (α13 free in the fit). The reported uncertainties
correspond to 90% confidence level for one relevant parameter. ? indicates that the parameter is frozen in
the fit. (P) indicates that the 90% confidence level uncertainty reaches the boundary of the parameter space
(for the spin parameter, the upper boundary is at a∗ = 0.998).
B1 B2
Input GR non-GR GR non-GR
tbabs
NH/10
20 cm−2 6.74 6.74∗ 6.74∗ 6.74∗ 6.74∗
relxill nk














































Ecut [keV] 150 150




χ2/ν 20285.30/20333 20280.79/20332 19899.69/20341 19899.05/20340
= 0.9976539 = 0.9974816 = 0.9783044 = 0.9783209
Table 4.3: Input parameters and best-fit values for simulations B1 and B2. For both simulations, we fitted
the data with the GR model (α13 = 0) and non-GR model (α13 free in the fit). The reported uncertainties

























Figure 4.4: Constraints on the spin parameter a∗ and the deformation parameter α13 by fitting simulations
A1 (left panel) and A2 (right panel) with the model tbabs×relxill nk that does not include the radiation
from the plunging region. The input parameters were a∗ = 0.9 and α13 = 0. The input inclination angle
was i = 45◦. The red, green, and blue curves mark, respectively, the 68%, 90%, and 99% confidence level
bounds for two relevant parameters. The gray area in the bottom right corner is not considered in our
analysis because the spacetime has pathological properties there. Note that these constraints are obtained




















Figure 4.5: Constraints on the spin parameter a∗ and the deformation parameter α13 by fitting simulations
B1 (left panel) and B2 (right panel) with the model tbabs×relxill nk that does not include the radiation
from the plunging region. The input parameters were a∗ = 0.9 and α13 = 0. The input inclination angle
was i = 75◦. The red, green, and blue curves mark, respectively, the 68%, 90%, and 99% confidence level
bounds for two relevant parameters. The gray area in the bottom right corner is not considered in our
analysis because the spacetime has pathological properties there. Note that these constraints are obtained




















Figure 4.6: Constraints on the spin parameter a∗ and the deformation parameter α13 by fitting simulations
C1 (left panel) and C2 (right panel) with the model tbabs×relxill nk that does not include the radiation
from the plunging region. The input parameters were a∗ = 0.99 and α13 = 0. The input ionization parameter
in the plunging region was log ξ = 4.7. The input inclination angle was i = 75◦. The red, green, and blue
curves mark, respectively, the 68%, 90%, and 99% confidence level bounds for two relevant parameters. Note






















Figure 4.7: Constraints on the spin parameter a∗ and the deformation parameter α13 by fitting simulations
D1 (left panel) and D2 (right panel) with the model tbabs×relxill nk that does not include the radiation
from the plunging region. The input parameters were a∗ = 0.99 and α13 = 0. The input ionization parameter
in the plunging region was log ξ = 3. The input inclination angle was i = 75◦. The red, green, and blue
curves mark, respectively, the 68%, 90%, and 99% confidence level bounds for two relevant parameters. Note
that these constraints are obtained marginalizing over all other free parameters of the fit.
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20 cm−2 6.74 6.74∗ 6.74∗ 6.74∗ 6.74∗
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Ecut [keV] 150 150










χ2/ν 20099.05/20344 20184.77/20350 20146.53/20346 19907.64/20357
= 0.9879596 = 0.9918807 = 0.9901961 = 0.9779258
Table 4.4: Input parameters and best-fit values for simulations C1, C2, D1, and D2. Here we only show
the non-GR model with α13 free in the fit. The reported uncertainties correspond to 90% confidence level
for one relevant parameter. ? indicates that the parameter is frozen in the fit. (P) indicates that the 90%
confidence level uncertainty reaches the boundary of the parameter space (for the spin parameter, the upper
boundary is at a∗ = 0.998).
launched after 2032. The XIFU instrument has an excellent energy resolution (2.5 eV near the iron line, to
be compared with current instruments on board of XMM-Newton with an energy resolution ∼ 150 eV near
the iron line) and a larger effective area than current instruments. We are thus considering the situation of
an optimistic observation, not possible today: if we find that the impact of the radiation from the plunging
region is weak for a similar observation, we can argue that its impact should be even weaker for the available
X-ray data.
In general, the fits of our simulations show that all the model parameters can be recovered even if we
do not employ a model that takes the radiation from the plunging region into account, and the choice of
the intensity profile in the plunging region, either ε (1) or ε (2), does not seem to play any significant role,
which is a good news for us because we do not know it. There are some minor biases. For example, the
iron abundance AFe, the ionization parameter of the disk log ξ, and the photon index Γ are always slightly
overestimates, no matter if we assume GR or not. However, while we do not recover the correct input
parameters with the 90% confidence level for AFe, log ξ, and Γ, the discrepancies with the input values are
small.
When we test the Kerr black hole hypothesis, the two important parameters are the black hole spin a∗
and the deformation parameter α13, and for this reason we have reported their constraints in Figs. 4.4-4.7.
The typical banana shape of the confidence level contours is related to the well-known fact that these two
parameters are usually correlated. In simulations A1, A2, B1, and B2 with a∗ = 0.9, we recover the input
parameter point (a∗;α13) = (0.9; 0). In the other simulations with input a∗ = 0.99, we may not recover the
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correct input spin parameter (this is the case of C1), but still we recover α13 = 0. Our conclusion is that
tests of the Kerr black hole hypothesis, like that in Eq. (4.13) using the black hole binary GRS 1915+105,
are not appreciably affected by the reflection radiation produced in the plunging region.
Lastly, we can compare our results with those already present in literature, even if our study is mainly
focused on the evaluation of the impact of the radiation from the plunging region on the possibility of
testing the Kerr metric while the other studies in literature always assume the Kerr metric. In Ref. [199],
the authors present the results of numerical simulations of geometrically thin accretion disk in a pseudo-
Newtonian potential. They find that the radiation from the plunging region affects the estimate of the black
hole spin, with larger systematic errors for slow-rotating black holes and and smaller and smaller errors as
the black hole spin parameter a∗ approaches to 1. This is qualitatively what we see in our Fig. 4.3, which
can be easily interpreted with the fact that the plunging region is larger when the ISCO radius is larger. A
more recent study of the impact of the radiation from the plunging region is reported in Ref. [193], where
the authors study how X-ray reverberation mapping can provide information regarding the presence of the
ISCO. They show that the contribution from the plunging region has a minimal effect on the time-averaged
X-ray spectrum and the overall lag-energy spectrum, still in agreement with our results. They show that
the plunging region can be distinguished from the disk emission due to the rapid increase of the ionization
in the plunging region, as well as the intrinsic energy shifts that appear there.
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Chapter 5
Gravitational-wave versus X-ray tests
of strong-field gravity
This chapter is based on: Gravitational-wave versus X-ray tests of strong-field gravity. A.
Cardenas-Avendano, S. Nampalliwar, N. Yunes. Classical and Quantum Gravity 37, 135008
(2020).
Abstract Electromagnetic observations of the radiation emitted by an accretion disk around a black
hole, as well as gravitational wave observations of coalescing binaries, can be used to probe strong-field
gravity. We here compare the constraints that these two types of observations can impose on theory-
agnostic, parametric deviations from the Schwarzschild metric. On the gravitational wave side, we begin by
computing the leading-order deviation to the Hamiltonian of a binary system in a quasi-circular orbit within
the post-Newtonian approximation, given a parametric deformation of the Schwarzschild metrics of each
binary component. We then compute the leading-order deviation to the gravitational waves emitted by such
a binary in the frequency domain, assuming purely Einsteinian radiation-reaction. We compare this model to
the LIGO-Virgo collaboration gravitational wave detections and place constraints on the metric deformation
parameters, concluding with an estimate of the constraining power of aLIGO at design sensitivity. On
the electromagnetic side, we first simulate observations with current and future X-ray instruments of an
X-ray binary with a parametrically-deformed Schwarzschild black hole, and we then estimate constraints on
the deformation parameters using these observations. We find that current gravitational wave observations
have already placed constraints on the metric deformation parameters than are slightly more stringent than
what can be achieved with current X-ray instruments. Moreover, future gravitational wave observations
with aLIGO at design sensitivity by 2026 will be even more stringent, becoming stronger than constraints
achievable with future ATHENA X-ray observations before it flies in 2034.
5.1 Introduction
Until recently, nearly all of our knowledge about astronomical objects had been obtained through the elec-
tromagnetic radiation they produce, or that is generated around them. However, we have recently entered
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the gravitational wave detection era, which has provided new and interesting data that is shaping our current
understanding of fundamental physics [200]. With this new type of observations and with the improvement
of existing techniques, we are already learning about theoretical physics in the extreme gravity regime, where
the curvature of spacetime is large and the gravitational field is strong and dynamical.
Although a plethora of precision tests in the Solar System, with binary pulsars, and with cosmological
observations have confirmed the predictions of Einstein’s theory of General Relativity (GR), this theory is
only now being thoroughly tested in the extreme gravity regime [7]. An ideal laboratory for testing strong-
field gravity is astrophysical black holes (BHs). Bearing in mind that at the moment there is no evidence
that such astronomical bodies carry sufficient net electric charge to affect the metric (in particular because of
the extreme weakness of gravity relative to electromagnetism [10, 11]), isolated BHs in GR are described by
the Kerr metric, as required by the so-called no hair theorems [18, 19]. Any observation suggesting otherwise
would be an indication of a violation of the axioms of these theorems, which include the possibility of beyond-
Einstein physics [201]. This program is commonly referred to as testing the Kerr hypothesis, and it has been
pursued over the past years using electromagnetic observations [202, 203, 204, 205, 206] and gravitational
waves [207, 208, 209, 210, 211, 212].
Placing constraints on (or finding) modifications from GR with data is not an easy task. This is both
because deviations may be intrinsically small, and because all modified gravity theories to date lead to the
same spacetime behavior far away from the BH, making weak-field tests ineffective. However, modifications
to GR may not be so small in the strong-field regime, for instance near the event horizon, where distinctive
features may arise. One way to classify and understand different systems in terms of their gravitational
strength consists of computing the characteristic curvature R = M/L3 and the characteristic gravitational
potential Φ = M/L, where M and L are the characteristic mass and size of the system, respectively.
Following Refs. [5, 213, 200], Fig. 5.1 compares the regions in curvature-potential phase space that are
probed by gravitational-wave and X-ray observations, including also for reference the regions probed by
the Mercury-Sun system through perihelion precession observations [7], the Cassini satellites [214], and the
targets of the Event Horizon Telescope, i.e., Sgr A* and M87 [16]. The strong-field gravity regime is located
in the right corner of the phase space of Fig. 5.1, where we have current data from different systems and
precision tests can be carried out. Observe that current gravitational wave observations with ground-based
detectors are limited to this upper-right corner of phase space, while electromagnetic observations have
access to the entire right side because the latter can include supermassive BHs.
Electromagnetic observations of the radiation emitted by X-ray binaries [124], as well as gravitational
wave observations of coalescing binaries [6] are complementary in the following sense [5, 7, 134]. Tests using
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Figure 5.1: Illustrative diagram of the curvature-potential phase space sampled by some experiments that
test GR. The vertical axis denotes the square root of the characteristic curvature length scale R = M/L3,
while the horizontal axis the characteristic gravitational potential Φ = M/L. For the GW150914 and
GW170817 events, we evaluated R and Φ from 20 Hz to merger, taking L to be the orbital separation
and M the total mass. For the low-mass X-ray binary (LMXB), we used M ∼ 10M and L ∼ 6M for
the location of the innermost-stable circular orbit of a Schwarzschild BH. Observe that gravitational-wave
and LMXB observations both have access to the strong-field regime, in the upper-right corner of phase
space, while only electromagnetic observations currently have access to large potentials but lower curvatures
through the observation of supermassive BHs.
the electromagnetic spectrum probe the non-dynamical configuration of vacuum gravitational fields. These
tests rely on observables that use photons and plasma as test particle tracers of the spacetime geometry. On
the other hand, gravitational waves tests probe both the conservative and the dissipative sector of a theory,
because they rely both on the time-symmetric part of the gravitational fields through the Hamiltonian of
the system, and on the dissipative part of the radiation-reaction force built from the field perturbations. It
is therefore theoretically possible for electromagnetic observations to be more sensitive to certain aspects
of modifications to the conservative sector of a theory than gravitational wave observations by avoiding
confusion and correlations from the dissipative sector. Electromagnetic observations, however, are affected by
other astrophysical modeling uncertainties [158], which deteriorate its constraints relative to the gravitational
wave ones.
In this work we compare tests of GR in terms of constraints on parametric deformations of the space-
time away from the Schwarzschild metric. We model spacetime deformations through the parametrization
introduced by Rezzolla & Zhidenko [44], which includes the Schwarzschild metric when the deformation
parameters vanish, while also allowing for a wide range of BH solutions in specific modified gravity theories.
The generation of gravitational waves is modified if the spacetime in the neighborhood of the compact objects
in a binary system is described by such a Schwarzschild deformation. This is because the post-Newtonian
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Figure 5.2: Marginalized posterior of the bumpy parameter a1 using current (left panel) and future (right
panel) gravitational-wave and X-ray observations. Current observations mean here the strongest events
reported in the LIGO-Virgo Catalog GWTC-1 [215], and simulated X-ray data with current instruments,
NuSTAR and NICER, while future observations mean those achievable with aLIGO at design sensitivity
(∼ 2026) and simulated observations with ATHENA (∼ 2034). The short horizontal lines indicate the 90%
credible interval around the indicated mean, while the long dashed horizontal line at zero corresponds to the
GR value. Gravitational wave constraints obtained from data collected up to 2017, and reported in Ref. [215]
in 2018, are slightly more stringent than what is possible with very good X-ray constraints obtained from
current instruments. The constraining power of both gravitational wave and electromagnetic observations
increases in the future, but the former already by ∼ 2026 will be more stringent than what can be achieved
with the latter in ∼ 2034.
Hamiltonian (or Lagrangian) is constructed from the metric itself, so if the spacetime is modified near either
of the compact objects, then the Hamiltonian is also modified. The latter implies the equations of motion
are modified, which then affect the evolution of the orbital phase and ultimately of the gravitational waves
emitted.
We quantitatively explore the above idea to compute the gravitational waves emitted during the early
inspiral of a binary system composed of parametrically deformed Schwarzschild BHs. As stated above, we
focus on the inspiral regime and thus work in the post-Newtonian framework, in which the two-body problem
can be mapped to an effective one body problem, controlled by an effective Hamiltonian that is constructed
from the parametrically deformed Schwarzschild spacetime. From this parametrically deformed Hamiltonian,
we then compute the binding energy of the binary, and assuming the radiation-reaction force is prescribed
as in GR, we then calculate the rate of change of the orbital frequency, and from this the gravitational waves
emitted in the frequency domain. We map the result to the parameterized post-Einsteinian framework, and
then use the events in the LIGO-Virgo Catalog GWTC-1 [123, 215], to place a constraint on the leading-order
metric deformation.
With that at hand, we then redirect our attention to constraints on parametrically deformed metrics
with X-ray observations from low-mass X-ray binaries. For this purpose, we simulate and fit observations
using the relxill nk model [105, 107]. This model employs the formalism of the transfer function for
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geometrically thin and optically thick accretion disks [109] around parametrically deformed black holes. The
astrophysical parameters are chosen to represent a typical X-ray binary that may be observed with current
X-ray instruments, such as NuSTAR and NICER, and also in the future with ATHENA. This simulated
data is then fitted with relxill nk to get constraints on the Schwarzschild deformation parameter.
We find that the gravitational wave observations are already placing constraints on parametric defor-
mations of the Schwarzschild spacetime that are slightly more stringent than the constraints that can be
placed with very good X-ray observations in the near future with current X-ray detectors. In the left panel
of Fig. (5.2) we summarize these results, by showing the marginalized posterior and the 90% confidence
constraint on the leading-order metric deformation or “bumpy” parameter a1 for the combined gravitational
wave observations of the GWTC-1 catalog and a simulation with current X-ray instruments.
We also study the constraining power of future observations of these two techniques, by extrapolating our
results to the those we will be able to achieve with advanced LIGO (aLIGO) at design sensitivity (∼ 2026)
and with X-ray data from ATHENA (∼ 2034). In the right panel in Fig. (5.2), we present again the
marginalized posterior and the 90% confidence constraint on the a1 bumpy parameter for these two future
observations, which shows an improvement of roughly an order of magnitude with either of them. As in
the GWTC-1 case, observe that the gravitational wave constraint with aLIGO (by ∼ 2026) will be more
stringent than what will be achievable by ATHENA (by ∼ 2034) at 90% confidence. Note also that by
the time ATHENA flies, gravitational wave constraints should become substantially more stringent than
predicted above because of new higher signal-to-noise ratio (SNR) events (expected as the instruments are
improved over the next 5 years), as well as due to stacking of several hundreds of sources.
The remainder of this paper presents the details that lead to the conclusions summarized above and it
is organized as follows. Section 5.2 establishes notation and presents the parametrically deformed metric
used to characterize deviations to the Schwarzschild solution. Sections 5.3 and 5.4 present the impact of the
deformation parameter on the GW profile and on the X-ray spectrum respectively. In each case we present
a brief description of the techniques used, the general framework and the procedure followed to analyze the
data. Section 5.5 provides some final remarks. Unless otherwise stated, we use geometric units in which
G = 1 = c.
5.2 Parametrically Deformed Black Holes
In this section, we establish notation by briefly summarizing the parametric deformation of the spacetime
that we employ in this work, following Ref. [44], which we hereafter refer to as RZ. The RZ metric is based on
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a stationary and spherically symmetric spacetime in spherical polar coordinates (t, r, θ, φ), where the metric
functions are continued fractions in the radial coordinates. These functions are restricted by requiring that
the spacetime contain a BH, i.e., that the spacetime contain a surface r = r0, called the event horizon,
where the expansion of radially outgoing null geodesics is zero. Moreover, this metric includes two “bumpy”
parameters at leading order, ε and a1, which control deviations from the Schwarzschild metric.
The line element of the RZ solution is simple when only the lowest parameters unconstrained by current
observational tests of GR are considered [44]:




where dΩ2 ≡ dθ2 + sin2 θ dφ2 is the line element on the two-sphere and x is a compactified radial coordinate
defined as
x ≡ 1− r0
r
, (5.2)
such that x = 0 corresponds to the location of the event horizon r = r0, while x = 1 corresponds to spatial
infinity. The metric functions N(x) is decomposed via
N2(x) = xA(x) (5.3)
where
A(x) = 1− (1− x)
[
ε+ ε(1− x)− a1(1− x)2
]
. (5.4)
The line element shown above is therefore characterized in terms of the bumpy parameters ε and a1, which
control the magnitude of the non-Schwarzschild deformation, modifying the BH structure near the horizon,
and introducing modifications in the spacetime region asymptotically far from the source.
Let us briefly consider the asymptotic behavior of the metric in these coordinates about the horizon and
about spatial infinity. Near the horizon, r ∼ r0 or x 1, we have
gtt = −x (1− 2ε+ a1) +O(x2) ,
grr =
1
x (1− 2ε+ a1)
+O(x2) . (5.5)
This expansion shows that the metric is singular at the location of the event horizon, signaling the presence
of a coordinate singularity. Such a singularity renders RZ metric in this coordinate system less than ideal
69
for relativistic numerical simulations. Near spatial infinity, r0/r  1 or x ∼ 1, we have








grr = 1 + (1 + ε)
r0
r












This shows that the observable, or sometimes called “gravitational” mass is simply 2M = (1 + ε)r0.
If one requires that the exterior gravitational field of all massive, stationary and spherically symmetric
bodies have the form of Eq. (5.1), then Solar System observations already place constraints on some of
these parameters. The tracking of the Cassini spacecraft requires that the parameterized post-Newtonian
parameter γ to be satisfy γ − 1 . 10−5 [214]. The γ parameter is related to the parameters of the above
metric via 2γM = (1 + ε)r0, which then implies that γ − 1 = (1 + ε)[r0/(2M)] − 1 . 10−5. The simplest
(though non-unique) way to enforce this constraint is to fix the horizon radius at its Schwarzschild value
r0 = 2M , and then require that ε . 10−5. In particular, X-ray tests of GR typically make this choice, setting
r0 = 2M and ε = 0, which is also the choice we will make henceforth. With these choices, the spacetime
metric is fully determined by the choice of mass M and bumpy parameter a1.
5.3 Gravitational Wave Constraints
In this section, we study the impact that a parametrically deformed spacetime has in the generation of
gravitational waves by a binary system composed of non-Schwarzschild BHs, i.e., composed of objects whose
spacetime near either of them approaches the RZ metric. We focus on the early inspiral of the binary system,
such that the problem can be studied within the post-Newtonian (PN) framework [216], and we work to
leading-order in this approximation when considering deviations from GR.
The comparable-mass, two-body problem can be mapped in the PN approximation to an effective one
body problem. In this effective problem, a test particle of mass equal to the reduced mass of the real binary
µ = m1m2/m, where m = m1 + m2 is the total mass and m1,2 are the component masses, is in geodesic
motion around a BH with mass equal to the total mass of the real binary. In our case, the spacetime exterior
to this BH is represented by the parametrically-deformed metric discussed in the previous section. The
conservative sector of the orbital motion is then controlled by the effective Hamiltonian [217, 218], which
can be constructed from the contraction of the RZ metric with the four-momenta of the test particle. The
effective problem can then be mapped back to the real, comparable-mass, two-body problem to compute the
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GWs emitted by such a system, when the two BHs are parametrically deformed.
With this strategy in mind, we begin by considering (massive) test-particle motion in an RZ background
with total mass m and bumpy parameter a1. The independence of the metric on the time t and angle
φ about the rotation axis implies the existence of two conserved quantities, energy and (z-component of)
angular momentum, respectively. For massive particles with rest mass µ, the energy per unit reduced mass
(specific energy) Ẽ and the specific angular momentum L̃ can be expressed as
Ẽ = −ut and L̃ = uφ, (5.7)
where the four-velocities are given by ut ≡ dt/dτ and uφ ≡ dφ/dτ , and τ is an affine parameter (proper time
for massive particles). The equation of motion for r(τ) can be obtained from the normalization condition
uαu
α = −1 for the four-velocity, namely








The orbits of the spacetime in Eq. (5.1) are therefore completely characterized by the values of two orbital
parameters, which can be chosen to be Ẽ and L̃, as well as the mass parameter M and the bumpy parameter
a1, and initial conditions.
A circular orbit is one that satisfies the followings conditions









eff +O(a21) , (5.10)
we find that





















The energy and angular momentum for circular orbits [219] can then be found through the conditions ṙ = 0
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and dVeff/dr = 0, which to leading order in small deformations away from Kerr leads to
Ẽ = ẼGR + δẼ +O(a21) , (5.13)















(2m− r) a1, (5.16)
δL̃ = − 6m
5/2
r2(−3m+ r)3/2
(2m− r)2 a1. (5.17)





















With the above test-particle considerations in mind, let us now map the effective one body problem
back to the real two-body problem. The conservative dynamics of the real two-body problem is described
by the total energy ET, which, for the circular case, can be written in terms of the effective energy Eeff =
gtt(1 + L̃
2/r2)1/2 [220] via [217]
ET = m+ Eb = m [1 + 2η (Eeff − 1)]1/2 , (5.19)
where we have explicitly separated the rest-mass energy m from the binding energy Eb, and where we have
introduced the symmetric mass ratio η = µ/m. Expanding to leading order about the GR deformation and


















where EGRb is the binding energy in GR.
The above expression can now be rewritten in terms of the real orbital frequency F of the binary system.
This is achieved by noting that the angular frequencies of the real and effective problems are the same, and
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thus ω = 2πF . With this in mind, we then have that
Eb (F )
µ








where again we work to leading PN order in the GR deformation.
Equations (5.20) and (5.21) represent the total energy of the real, comparable-mass, two-body system,
with a GR deformation. This modification is proportional to a1 and it enters at 2PN order, i.e., it is of
O(v4) smaller than the leading PN order term in EGRb . In contrast, the 2PN terms in the GR sector (i.e.,
the terms in EGRb that are of O(v4) smaller than the leading PN order term in this quantity) are not only
proportional to the total mass and the symmetric mass ratio, but also to the spin of the bodies. We therefore
expect a partial degeneracy between spin terms and the bumpy parameter a1. In passing, note here that
going to higher PN order in the calculation of the GR deformation would not break this partial degeneracy;
terms proportional to spin in the GR deformation will first enter at 1.5PN order higher than the leading
PN order at which a1 enters, which is 2PN, implying spin-contributions to the a1 deformation will enter at
3.5PN order.
The orbital phase for a binary in a circular orbit is given by







where Ė is the rate of change of the binding energy of the system due to gravitational wave emission (and
emission of any other propagating degree of freedom that may be present in the theory under consideration).
From the above expression, it is clear that the gravitational wave phase depends both on the conservative
(time-symmetric) dynamics represented here in the binding energy, as well as on the dissipative (time-
asymmetric) dynamics, represented here in the energy loss rate.
In this work we wish to compare gravitational wave constraints to X-ray constraints, and the latter
are only sensitive to the conservative dynamics of geodesic motion around BHs. As noted above, however,
GWs are sensitive to both the conservative and the dissipative sectors, so we have to make an assumption
on the dissipative sector. In general, one expects that additional (propagating) degrees of freedom, such as
dynamical scalar or vector fields in a modified theory, will introduce additional sources of energy and angular
momentum loss. In principle, there are three different classes one can identify depending on the PN order at
which modifications to the dissipative sector first enter relative to modifications to the conservative sector:
(i) dissipative corrections enter first at a lower PN order than conservative modifications, (ii) they enter first
at the same PN order, or (iii) dissipative modifications enter first at a higher PN order than conservative
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modifications.
We will here focus on deviations that belong to the third and the second class, as they will lead to more
conservative constraints. If a theory falls in the first class, for example introducing dissipative corrections
at -1PN, 0PN, or 1PN order, then constraints on such GR deviations will be more stringent than what we
calculate here. This is because GW observations are better at constraining lower (or negative) PN order
effects, as shown theoretically in Ref. [221] and then with data in Ref. [215]. If a theory falls in the second
class, the constraints we find here will not change by more than a factor of order unity, unless the dissipative
modification were to exactly (or nearly exactly) cancel the conservative modification; we are not aware of
any theory of gravity whatsoever where such perfect cancellation takes place. Finally, if a theory falls in the
third class, then the constraints one would be able to place on such a theory will be approximately the same
as those obtained without including the higher PN order corrections, as shown in Appendix B of Ref. [200].
Given these arguments, we here focus only on modifications to the conservative sector, and assume the
dissipative sector is not modified from GR. Therefore, to compute the GR deviation to leading PN order we
only need to use the quadrupole formula to leading PN order to model the change of the binding energy via
Ė0PNGR = −(32/5)η2m2r4ω6. The evolution of the orbital phase is then











where φGR(F ) is the evolution of the orbital phase in GR, which to leading PN order is φ
0PN
GR (F ) =
−1/(32η)(2πmF )−5/3.
The correction to the Fourier phase of the GW can now be computed in the stationary phase approxi-
mation [222], i.e., assuming that its rate of change is much more rapid than the rate of change of the GW
amplitude. The Fourier phase can be written as ΨGW(f) = 2φ(t0) − 2πft0, where t0 is the stationary time
defined through the stationary phase condition F (t0) = f/2, with f the Fourier frequency. Therefore, to












where ΨGRGW(f) is the Fourier GW phase in GR, which to leading PN order is Ψ
GR,0PN
GW (f) = −3/(128u5/3),
and where u ≡ πMf with the chirp mass M≡ η3/5m.
Let us map the above GW deformation in the frequency-domain to the parameterized post-Einsteinian
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where (β, b) are ppE parameters. Comparing Eq. (5.25) with Eq. (5.24), we find that
b = −1
3




As already discussed below Eq. (5.21), the GR deformation, here characterized by β, is proportional to a1
and also to η. In particular, note that β is independent of the spins of the bodies, since spin corrections will
enter at 1.5PN order higher than the leading PN order effect computed here.
The power of the ppE framework is that we can now map constraints from any given GW observation
to constraints on particular modifications to GR. To do so, one must first map the ppE parameterization
above into the ppE incarnation used by the LIGO collaboration. Following the choices made in the current
state of the LIGO software library [223], at b = −1/3 (a 2PN correction) the ppE parameter β is related to






where φ4 is defined to be φ4 =
(
15293365/508032 + 27145/504 η + 3085/72 η2
)
[224].
With the above analysis finished, the procedure to place constraints on the bumpy parameter a1 from
gravitational wave observations is straightforward. First, one must analyze the gravitational wave data
collected by the LIGO and Virgo collaboration to find constraints on the parameter δφ4; this step is routinely
done by the LIGO collaboration itself, with its results made publicly available for example in Ref. [215].
Then, one must map the δφ4 posterior to a posterior on β and from that to a posterior on a1, or one can





We will constrain the a1 deformation parameter using the events reported in the LIGO-Virgo Catalog
GWTC-1 [123, 215] that were found in both modeled searches PyCBC [225] and GstLAL [226] with a
significance of false-alarm rate (FAR) < (1000 yr)−1, which will lead to conservative constraints. The
events in the catalog that satisfy these conditions are GW150914, GW151226, GW170104, GW170608 and
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Figure 5.3: Marginalized posteriors on the deformation parameter a1 for the most significant binary black-
hole events of GWTC-1, and after combining all of these events. The horizontal lines indicate the 90%
credible interval around the indicated mean. The dashed horizontal line at zero corresponds to the GR
value.
GW170814. These events were analyzed with an IMRPhenomPv2 [227, 228] model, modified with GR
deviations that only represent fractional corrections in the non-spinning portion of each PN phase coefficient,




i (1 + δφi) + φ
spin
i where the superscript
represent whether the phase contributions contain spin terms or not. Thus, the modifications reported in
Ref. [215] are only to leading-order and without PN corrections proportional to the spin in the non-GR
sector, just as the modification considered here. For a given observation, we infer the marginalized posterior
distribution of a1 as follows. Given the Markov chain Monte Carlo (MCMC) chains provided by Ref. [215],
we compute a1 at every location of the parameter space that the chains visited, by evaluating Eq. (5.28) at
the chain’s values of δφ4 and η.
Figure 5.3 shows the posterior on a1 obtained from Eq. (5.28) using the δφ4 and η locations in parameter
space visited by the MCMC chains, with Table 5.1 showing the values of the medians and the 90% credible
intervals, for each event. In all cases considered, the posteriors are consistent with the GR value within
statistical fluctuations. The likely lightest mass binary BH event, GW170608, gives the strongest constraint
because it has a significantly larger SNR in the inspiral regime and it provides many more cycles in the
frequency band [215].
The bumpy parameters may or may not depend on the parameters of the system. In general, the bumpy
parameters will depend on the coupling constants of the modified theory considered, and these are the same
for all systems. However, if these constants are dimensionful, the bumpy parameters will also depend on








Table 5.1: Medians and the 90% credible intervals on the deformation parameter a1 for the most significant
binary black-hole events of GWTC-1.
dilaton-Gauss-Bonnet gravity [229, 230, 35] and in dynamical Chern-Simons gravity [47, 34]. Even if the
coupling constants are dimensionless, the bumpy parameters may still depend on dimensionless combinations
of the masses, such as the symmetric mass ratio or the dimensionless mass difference. Whether and how the
bumpy parameters depend on the system parameters or not will therefore be strongly theory dependent. If
the bumpy parameters are independent of the system parameters, we can then enhance our constraints by
stacking multiple events. Otherwise, the most stringent constraint can only come from the loudest events.
We will now explore both of these cases separately below.
Let us start with the case where a1 is assumed to be independent of system parameters, at least for
all BH spacetimes. Given N observations, one can then combine the posteriors on a1 through simple
multiplication, following e.g., Ref. [231]. Given that the GWTC-1 catalog presents a finite number of samples
from the posterior distributions relevant to each detection, we have fitted each normalized histogram with
a Gaussian distribution. This Gaussian fit is an appropriate approximation to the posterior distribution for
each observation, which we can then multiply together in order to get the combined posterior.
Figure 5.3 presents this combined marginalized posterior, whose mean and 90% confidence region is
aGWTC-11 = −0.038+0.075−0.076 . (5.29)
The constraints found above will become more stringent as the statistical uncertainties decrease in the next
few years thanks to improvements in detector sensitivity. These improvements lead to some events with
very high SNR, and many events with similar SNRs as the events in the GWTC-1 catalog. To conclude this
section then, we will estimate the constraining power of future GW observations taking aLIGO at design
sensitivity as a benchmark. Let us then assume that by ∼ 2026 aLIGO at design sensitivity will detect
events similar to those in the GWTC-1 catalog studied here. The constraint on deformation parameters
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where σ is the standard deviation of the marginalized posterior (assumed to be Gaussian), N is the number
of events detected and ρ is the quadratic mean (or root mean square) of the SNR for all N events. The
subscripts “Obs” and “Fut” denote the derived values found with a current observation and the ones in a
future analysis.
The above relation can be rewritten in a more convenient way by noting that the number of events
detected can be expressed as N = RD T V , where RD is the mean intrinsic astrophysical rate of mergers
per year per cubic Gpc, T is the number of years of data collected and V is the volume to which the
instrument can observe events at a given (threshold) SNR. Using this relation, the standard deviation of the













where R is the range to which the instrument can see at a given (threshold) SNR. Note that the mean
astrophysical rate RD has canceled because this is quantity does not depend on the detector used to make
observations, but rather on the astrophysics in play during black hole formation and growth.
In order to estimate this quantities we will use the planned sensitivity evolution and observing runs of the
aLIGO, AdV and KAGRA detectors over the coming years [26]. Advanced LIGO recently finished its second
observing run (O2), and started the first half of its third run (O3a) on April 1 2019, which is scheduled to
end on September 30 2019 (TO3a ∼ 4 months, as the duty cycle led to double coincidence only for ∼ 80% of
the time) with an expected range of RO3a ∼ 1200 Mpc, i.e., an improvement of 1.3 relative to the range in









where NO2 = 3 for us (because of the 5 events in the GWTC-1 catalog with a (FAR) < (1000 yr)
−1, only 3
were observed in O2), and TO2 ∼ 4 months of data (O2 lasted for 9 months, but the duty cycle was about
45% for the LIGO network during O2 [123]). The observed events during O3a with very high probability
that both components have mass greater than 5M and a FAR < (1000 yr)
−1 was NO3a = 8, which shows
the estimate above is accurate.
With this in hand, we can now estimate the strength of projected future combined constraints on bumpy
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parameters. The three events in O2 led to σO2 = 0.0582 and ρO2 = 14.8. At design sensitivity the range
will increase by roughly a factor of about 2.75, relative to O2 [26]. Putting these numbers together, we
estimate that aLIGO at design sensitivity should observe approximately 〈NO5〉 ∼ 374 events by 2026 (i.e.,
assuming two years of data collected during O5 at least double coincidence) that are similar to the three
events observed in the O2 run. Although most of these 〈NO5〉 detections will be found with SNRs close to
the detection threshold, assumed here to be ρth = 12 [26], there will exist a tail of higher SNR events. These
are the events that may offer the best constraints on both intrinsic and extrinsic parameters of their sources,
as it can be seen in Fig. 5.3. Following Ref. [232] we estimate that for 50% of the 〈NO5〉 events, the loudest
one should have a SNR louder than 66. This is the conservative value we assume for the quadratic mean of




after two years of data collected, where we have chosen to fix the mean at zero here. The right panel in
Figure 5.2 shows the projection of the marginalized posterior on the bumpy parameter a1 with aLIGO by
2026. The improvement shown above is conservative for a large number of reasons: (i) by the time O5 takes
place, aLIGO will have collected of order 100 events like those considered here during O3 and O4, (ii) some
events during O3, O4 and especially O5 will be at a significantly higher single-detector SNR than those
considered here, (iii) O5 will take place with a network of detectors that includes KAGRA and LIGO-India
neither of which were included in our conservative estimates.
Let us now consider the case where a1 depends not just on the coupling constants of the theory, but also
on the source properties. In this case, the previous stacking procedure cannot be performed, and instead
the most stringent constraint will come from the loudest event. By observing one single event like one of







Out of the 〈NO5〉 events estimated above for aLIGO by 2026, following again Ref. [232], 0.3% of the cases
(corresponding to one event out of the 374), should have an SNR louder than 622, assuming a threshold
SNR of ρth = 12. By taking the likely lightest mass binary BH event, GW170608, which gave the strongest





This estimate is slightly more stringent that the one obtained by combining multiple observations, i.e.,
Eq. (5.33). We find that independently of the type of modification that a1 encodes (independent or not
of the source parameters), the observations with aLIGO would provide more stringent constraints by 2026
than what we will be able to achieve with future X-ray detectors, such as ATHENA, ∼ 10 years after O5
has been completed, as we will see in the next section.
5.4 X-ray Reflection Spectroscopy Constraints
An important technique to test GR with astrophysical BHs is X-ray reflection spectroscopy. Let us begin
by summarizing this technique (for more details, please refer to, for instance, Refs. [105, 96, 107]). X-ray
reflection spectroscopy is based on the so-called disk-corona model, where a BH (or any other compact object)
is surrounded by an accretion disk (typically assumed to be geometrically thin and optically thick) and a
corona. Radiation received from the system is comprised of a thermal component (emitted directly from the
disk), a power-law component (thermal radiation emitted from the disk and scattered by the corona), and a
reflected component (scattered radiation from the corona reflected from the disk). The thermal component
is usually at low energies (0.1− 1 keV for solar mass BHs, lower still for supermassive BHs) and featureless,
compared to the reflected component. For testing GR, the component that has been most studied is the
reflected radiation because the fluorescent emission lines are expected to be broadened and skewed when
observed far from the source due to a combination of relativistic effects occurring in the strong gravity region.
In the pasts few years, an xspec model, called relxill nk, has been developed to test GR with reflected
radiation [105, 107].
We are here interested in studying how well X-ray reflection spectroscopy can be used to test GR. Such
a study is not new (see for instance, Refs. [108, 233, 179, 234]), but we will repeat it using the same metric
parameterization as that used for gravitational waves in the previous section to carry out a fair comparison.
The general idea is that we will assume that a certain X-ray instrument has detected a reflected radiation
signal and found it consistent with GR. We will then generate a model that includes a parametric deviation
in the spacetime and ask how well we can constrain this deformation, given statistical noise. This means
that when our deformation parameter in the model is set to zero, then the model matches the simulated
data exactly. Clearly, this will not happen in reality because our astrophysical models will not be exact
representations of the data generated by Nature. Therefore, our procedure here will ignore any systematic
errors in modeling, leading to optimistic measures of how well GR can be tested with X-ray observations.
We focus specifically on the active instruments NuSTAR and NICER, and the proposed instrument
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ATHENA. NuSTAR is a high-energy X-ray telescope in orbit around Earth, operating in the energy band
of 3-79 keV, and launched in 2012. NICER is a NASA mission, designed as a payload for the International
Space Station, and deployed in 2017. We use NICER’s science module X-ray Timing Instrument (XTI),
operating in the energy band 0.2-12 keV, to simulate the response curve of our synthetic data. ATHENA is
a future instrument that is currently under development by ESA with a planned launch in 2034. ATHENA
will provide unprecedented capabilities in terms of angular resolution, effective area, spectral resolution and
grasp. We here use ATHENA’s planned instrument X-ray Integral Field Unit (X-IFU), which will operate
in the band 0.2-12 keV, to simulate our synthetic data.
We prepare our X-ray simulations in the following way. In order to mimic a current observation, we
simulate simultaneous observations with NuSTAR (with an exposure of 100 ks) and NICER (a set of four
observations, each of 5 ks exposure). These exposure times and simultaneous observations are typical for
the respective instruments (see, for instance, Refs. [235, 236, 237, 238]). To mimic a future observation with
ATHENA, we simulate a 100 ks observation, which is also expected to be a typical amount of data for that
instrument [239].
The simulated data (in GR) and the model (outside of GR) are both generated in xspec using
tbabs*(relxill nk+xillver).
Here, tbabs is a galactic absorption model, relxill nk is our X-ray reflection model and xillver is a
model to account for non-relativistic reflection far from the inner regions of the disk, with an example of a
simulated spectrum shown in Fig. 5.4. The metric in Eq. (5.1) has been implemented in the relxill nk
framework [234], including spin and several deformation parameters, although here we choose to work with
zero spin and only with one non-zero deformation parameter, a1. Note that in Ref. [234] a1 is denoted
by δ1. The simulations are generated in xspec using fakeit. The fakeit command creates a spectrum
by multiplying the model with the response curve of the instrument and adding a background to it. The
simulated data is analyzed using xspec, during which the model parameters are either frozen (fixed during
the analysis), tied (tied to another parameter), or free (fitted during the analysis). Frozen parameters are
listed in Table 5.2, while tied (marked by a ‡) and free parameters are listed in Table 5.3. The values chosen
for simulating the data are presented in the third column of Table 5.3.
The simulated data is analyzed as follows. Starting with default parameter values, the data is iteratively
fitted until the reduced χ2 is close to 1 (shown in Table 5.3), and there are no unexplained residuals (shown





























Figure 5.4: (Color Online). Simulated X-ray reflection spectrum. The relativistic reflection spectrum is





22] Column density 0.4
relxill nk
a Spin 0.0
rin Inner radius rISCO
rout Outer radius 400M
z Redshift 0
xillver
log ξ Ionization 0
Rf Reflection fraction -1
z Redshift 0
Table 5.2: List of model parameters which remain fixed throughout the analysis. The radius of the inner
most stable circular orbit is denoted by rISCO.
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log ξ Ionization 3.1 3.1+∆−∆ 3.1
+∆
−∆


































Table 5.3: Parameters used in the simulated data of the simulations and their best fit values for different
observations. Uncertainties are reported at a 90% confidence level and rounded off to second decimal place
or denoted by ∆, when they were too small. Tied parameters are marked by a ‡.


























Figure 5.5: (Color Online). χ2 residuals for best-fit models of each simulation in Table 5.3, labeled ac-
cordingly. In the top panel, the four NICER simulations (in grey, green, magenta and orange, respectively)
and one NuSTAR simulation (in black) are overlaid. The bottom panel shows the case of the ATHENA
simulation. The data has been re-binned during plotting for clarity. Observe that there are no unaccounted
residuals in the fitted data, confirming that the fits shown in Table 5.3 are indeed good.
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Figure 5.6: Constraints on the deformation parameter a1 for the cases presented in Table 5.3 from simulated
observations with combined observations of NuSTAR and NICER, and with ATHENA, respectively, and
assuming very good observations of a low mass X-ray binary. The horizontal dashed lines represent 90% and
99% confidence levels from the X-ray simulations. Observe that the projected constraints with current in-
struments are slightly worse than those already placed with GWs. The projected constraints with ATHENA
in ∼ 2034 become one order of magnitude better than those we can place with NICER in the near future,
although this improvement is not enough to beat constraints with aLIGO at design sensitivity that can be
obtained by ∼ 2026 (see Fig. 5.2).
observations. As it can be seen, most of the parameters are recovered well, and their simulated values lie
within the range of uncertainty. Our primary goal here, however, is to study projected constraints on a1
with current and future instruments. Figure 5.6 shows the marginalized posterior distribution for the bumpy
parameter, constructed assuming a Gaussian distribution from the obtained ∆χ2, where
∆χ2 = χ2(a1)− χ2best fit, (5.36)
with χ2(a1) calculated at a given value of a1 and marginalized over all other free parameters. This figure
is produced with the same data as that used in Fig. 5.2, although we choose here to present it again to
allow for an easier comparison between current and future constraints capabilities with X-ray observations.
Figure 5.6 shows that projected constraints with ATHENA are about one order of magnitude more stringent
than projected constraints with NuSTAR and NICER. Note that, as shown in Fig. 5.2, ATHENA constraints
are slightly weaker than the very conservative projection of what aLIGO at design sensitivity will be able to
achieve by around 2026.
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5.5 Conclusions
Testing GR with electromagnetic and gravitational observations have been of interest to a large swath of the
physics community over the past few years. These two type of tests, however, have typically been assumed
to be disconnected from each other, with one set of observations testing one aspect of gravity theory, and
the other set, a different and disconnected aspect. We point out here that this is incorrect, as indeed both
sets of observations probe the conservative (time-symmetric) sector of gravitational theories around BHs.
Given this, we then do a direct comparison between tests with gravitational wave observations and tests
with X-ray observations.
We find that combined constraints with LIGO/Virgo data during O1 and O2 are slightly better than
what could be achieved with current X-ray instruments, even when one ignores systematic errors in the later.
Systematic uncertainties in the X-ray measurements, which were not included in our analysis, would only
make X-ray constraints on GR even weaker. As aLIGO becomes more sensitive, reaching design sensitivity
by ∼ 2025, the constraints with aLIGO become even more stringent, independently of the nature of the
modification. In particular, by ∼ 2026–2027, aLIGO will obtain constraints that would be already more
stringent than what future X-ray instruments deployed ∼ 2034, such as ATHENA, will be able to achieve.
Even though ground-based detectors of gravitational waves place more stringent constraints on GR than
electromagnetic observations, the latter technically have access to a larger region of the curvature-potential
phase space. Indeed, ground-based gravitational wave detectors are confined to tests in the highest curvatures
and potentials possible in Nature. Moreover, the analysis of GW and EM data suffers from different statistical
and systematic uncertainties that can make certain effects hard to measure in one and not in the other. For
example, EM observations are particularly good at measuring the spin of BHs, while GW observations can
only measure a certain projection of the spin angular momentum, and at present, this combination cannot
be estimated very accurately. In this sense, EM and GW observations are complementary, in spite of the
quantitative difference in the strength of constraints.
The study of tests of GR with electromagnetic observations carried out here did not include the spin
parameter, but we expect that its inclusion will not change the conclusions of our paper. In GR, the
spin introduces new features in the spacetime, such as frame-dragging and shifts in the location of the
event horizon or the innermost stable circular orbit, which then lead to observable consequences in the
electromagnetic spectrum. When other astrophysical processes that lead to similar effects in the spectrum
are properly modeled, then the spin becomes the only parameter that can introduce these new features,
allowing one to estimate the spin accurately from data. A GR deformation to a spinning black hole metric,
however, does not typically introduce new observable features in the spectrum that are non-degenerate with
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other model parameters, such as the spin, the mass or the accretion rate. Therefore, the inclusion of spin
will not change the conclusions of our paper.
Another future avenue of study is the search for new ways to test GR with EM and GW observations.
The usefulness of the approach to test GR employed in this paper, through parametrically deformed metric,
is somewhat limited. In order to faithfully represent known modified gravity solutions, many parameters
in the deformed metric need to be non-zero, but EM tests in which many parameters are allowed to vary
simultaneously become degenerate and uninformative. Furthermore, while some of these parameters will
depend on the coupling constants of the particular modified theory, the majority of the parameters will be
pure numbers and not necessarily small. The problem is that which parameters depend on these constants
depends on the number of constants in the theory, and thus on the particular model considered. Therefore,
it is clear that a new method that is more tightly connected to the symmetries (or anomalies) that are being
tested or searched for would be highly desirable.
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Abstract The recent gravitational wave observations by the LIGO/Virgo collaboration have allowed the
first tests of General Relativity in the extreme gravity regime, when comparable-mass black holes and neutron
stars collide. Future space-based detectors, such as the Laser Interferometer Space Antenna, will allow tests
of Einstein’s theory with gravitational waves emitted when a small black hole falls into a supermassive one
in an extreme mass-ratio inspiral. One particular test that is tailor-made for such inspirals is the search for
chaos in extreme gravity. We here study whether chaos is present in the motion of test particles around
spinning black holes of parity-violating modified gravity, focusing in particular on dynamical Chern-Simons
gravity. We develop a resummation strategy that restores all spin terms in the General Relativity limit,
while retaining up to fifth-order-in-spin terms in the dynamical Chern-Simons corrections to the Kerr metric.
We then calculate Poincaré surfaces of section and rotation numbers of a wide family of geodesics of this
resummed metric. We find evidence for geodesic chaos, portrayed by thin chaotic layers surrounded by
deformed invariant tori. This chaotic layers shrink in size as terms of higher-order in spin are included in the
dynamical Chern-Simons corrections to the Kerr metric. Our numerical findings suggest that the geodesics
of the as-of-yet unknown exact solution for spinning black holes in this theory may be integrable, and that
there may thus exist a fourth integral of motion associated with this exact solution. The studies presented
here begin to lay the foundations for chaotic tests of General Relativity with the observation of extreme
mass ratio inspirals with the Laser Interferometer Space Antenna.
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6.1 Introduction
The recent gravitational wave (GW) observations by the LIGO/Virgo collaboration have allowed the first
tests of General Relativity (GR) in the extreme gravity regime, when comparable-mass black holes (BH)
and neutron stars collide [111, 200, 240, 6]. Future space-based detectors, such as Laser Interferometer
Space Antenna (LISA) [241], will allow tests of Einstein’s theory with GWs emitted when a small BH falls
into a supermassive (SMBH) one in an extreme mass-ratio inspiral (EMRI) [242, 243]. The latter allow for
particularly interesting tests because the inspiral is very sensitive to the SMBH’s geometry, the loss of the
binary’s energy and angular momentum, and non-linear self-force effects.
One particular probe of extreme gravity that is tailor-made for EMRI signals relates to chaos. For
Hamiltonian systems, chaos refers to the non-integrability of the equations of motion, i.e. the non-existence
of a smooth analytic function that interpolates between orbits, and has nothing to do with a system being
non-deterministic [244]. Being a non-linear theory, one may expect chaos to develop in GR. Nevertheless,
EMRIs in GR can be approximated, to zeroth-order, as geodesics of the Kerr spacetime, and the latter has
enough symmetries to guarantee that geodesics are completely integrable and thus not-chaotic. Although
chaos has been found in the inspiral of spinning BHs of comparable-mass [245, 246, 247], these features are
damped away by gravitational wave dissipation [246]. The presence of large chaotic features in the GWs
emitted by EMRIs could then signal either a departure from the strong-equivalence principle or a violation
of the Kerr hypothesis1.
What are the signatures of chaos in the GWs emitted by EMRIs? When geodesics are chaotic, the orbital
phase space breaks up into islands of instability and prolonged resonant regimes that cause abrupt and large
changes in the fundamental frequencies of the motion [248, 249]. These frequencies are encoded directly in
the GWs emitted, presumably allowing us to search for them with LISA observations. Abrupt jumps in the
fundamental frequencies do also occur in GR, as recently found in the small mass-ratio expansion of the
self-force [250, 251]. These changes, however, are expected to be smaller than those that could arise due to
chaos. Therefore, if an EMRI signal is detected with LISA and no chaotic features are detected, then one
could place constraints on deviations from the strong-equivalence principle and the Kerr hypothesis.
The development of this idea is still in its infancy. The first step would be to find and study a modified
gravity theory in which EMRIs are chaotic. But even if we approximate EMRIs as a sequence of geodesics of a
given non-Kerr spacetime, finding whether these geodesics are chaotic is not a trivial task. One approach is to
find as many integrals of motion as there are degrees of freedom in the problem, e.g. through Hamilton-Jacobi
1Small chaotic features could arise due to self-force effects in GR, but in EMRIs such features would be suppressed by the
mass ratio, and they would be damped away by dissipative effects, probably rendering them unobservable by LISA.
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theory, Painlevé analysis [252], Lax pairs [253] or Killing tensors [254]. In GR, this program was completed
in the late 1960s and 1970s when Carter found a fourth integral of the motion for the Kerr spacetime [255],
and Walker and Penrose showed that the existence of the constant follows from the existence of a symmetric
Killing tensor [256].
But the analytic approach is not well-suited to all problems. Spinning BH solutions in modified gravity
theories have typically only been found in the slow-rotation and small-coupling approximations, i.e. assuming
the dimensionless spin parameter is much smaller than unity and the BH is a small deformation away from
the Kerr metric. This approximations make it hard, if not impossible, to find exact integrals of the motion.
Such is the case, for example, in dynamical Chern-Simons (dCS) gravity, an effective theory that introduces
parity violating interactions to the Einstein-Hilbert action [257, 47]. Spinning black hole solutions have been
found in dCS gravity but only in the slow-rotation approximation [34, 67, 37], for which a fourth integral
of the motion has not been found from a rank two, Killing tensor [67]. One cannot, however, rule out the
existence of a higher-rank Killing tensor, and thus, one cannot make generic statements about chaos in dCS
EMRIs.
When analytic techniques fail, one can employ a numerical approach to search for chaos. The idea here
is to study the phase space of the system and search for certain chaotic features, e.g., chaotic layers or
Birkhoff chains of islands. These features can be found through the study of Poincaré surface of sections and
the rotation number [258], chaotic scattering [259], topological entropies [260] or Lyapunov exponents [252].
If no features are found at a given resolution, one cannot necessarily conclude that there is no chaos in
the system, as chaotic features could be hiding at scales smaller than the numerical resolution employed.
Therefore, numerical methods require an extensive study of the parameter space at various resolutions to
ensure that no chaotic features are missed.
Are the geodesics of a spinning BH in dCS gravity, and therefore EMRIs in this theory, chaotic or not?
This is the question we tackle in this paper through an extensive and comprehensive numerical analysis. In
particular, we calculate and study the Poincaré surfaces of section and rotation numbers for a wide family
of geodesics. We begin by considering the problem of geodesics of the Kerr spacetime, which we know are
integrable. Our numerical analysis confirms this expectation when using the exact Kerr metric, but if one
employs a slow-rotation expansion of the Kerr background, then clear chaotic features arise. We verify that
these features shrink in size when the spin parameter is decreased and when the order of the truncation of
the slow-rotation expansion is increased.
With this new understanding at hand, we then consider geodesics of spinning BHs in dCS gravity.
We use both a slow-rotation expansion of the dCS metric, as well as a resummation we develop in this
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paper, which properly accounts for all spin terms in the GR limit and terms up to fifth order in spin in
the dCS correction. When using the resummation, we find no evidence of chaos and only deformations of
the invariant tori, proving that geodesics of this metric are slightly non-integrable. Moreover, we find that
these deformations shrink as higher order in spin corrections are included in the dCS correction to the Kerr
metric. This suggests that if all spin terms of the dCS correction were included in the background spacetime,
then geodesics would be exactly integrable, requiring the existence of a (yet-to-be-found) fourth integral of
the motion. Given previous results that prove the non-existence of a second-rank Killing tensor for the
slowly-rotating dCS metric [67], our results suggest the existence of a higher-than-second rank Killing tensor
associated with the exact dCS metric valid to all orders in spin.
The remainder of this paper presents the details of the results summarized above and it is organized
as follows. Section 6.2 reviews briefly dCS gravity, while Sec. 6.3 summarizes the main methods we use to
study chaos. Section 6.4 studies geodesics in the Kerr metric and its slow-rotation expansion, while Sec. 6.5
repeats the analysis in dCS gravity. Section 6.6 concludes and points to future work. 6.7 provides explicit
expressions for the dCS corrections to the Kerr metric. Throughout the paper, we use geometric units in
which G = 1 = c, and the (−,+,+,+) metric signature. In all figures we set all masses to 1.
6.2 BHs in Dynamical Chern Simons Gravity
In this section, we briefly describe dCS gravity and its BH solutions, while establishing notation – for further
details see, for instance, Ref. [34]. DCS gravity is a four-dimensional, effective theory that derives from loop
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, (6.1)
where, g is the determinant of the metric gµν , κg ≡ (16π)−1, α and β are coupling constants, Rµνδσ is the




with εµναβ the Levi-Civita tensor. The quantity ϑ is a pseudo-scalar field with potential V (ϑ), although here
we set the potential to zero since the scalar must be massless to preserve shift symmetry. The quantity Lmat
is the matter Lagrangian density, which couples directly to the metric tensor only. One can check that this
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theory is diffeomorphism invariant, although the Birkhoff theorem [262] and the effacement principle [263]
are violated. The pseudo-scalar field ϑ and the coupling constant β are taken to be dimensionless, while α






where M is a characteristic length of the system; for EMRIs, this length scale is the mass of the SMBH
M = M .
Despite the several and extensive studies of BHs in this theory over the past decade, only approximate
solutions have been found in the slow-rotation limit [34, 67, 37] and in the extremal limit [264], always
assuming a small-coupling expansion. The slow-rotation approximation assumes that the BH spin angular
momentum S is much smaller than its mass squared χ = S/M2  1. The small-coupling expansion
postulates that the deformation away from GR is small, which corresponds to a dCS dimensionless coupling
constant much smaller than unity ζ  1. In this paper, we study geodesic motion using the BH solutions
found in Refs. [34, 67, 37], which were derived using perturbation theory techniques and are valid to fifth
order in the spin and to first order in the coupling parameter.
The slow-rotation and the small-coupling approximations may introduce spurious features in the solution
that would not appear in the exact solution, and thus, one typically resums the approximation in an attempt
to minimize these features. By resummation, we here mean the introduction of higher order terms in χ that
have not yet been calculated but that one suspects should be present in the solution. For example, a choice
of resummation is to replace all ζ-independent terms in the solution with the exact Kerr metric. In a broad
sense, there are infinitely many ways to resum the metric and, since the exact solution is unknown, there
is no way ensure the chosen resummation is correct. Nonetheless, one expects that for small χ and ζ, the
results obtained should be independent of the resummation2.







2 + gdCSrr dr
2 + gdCSθθ dθ
2 + gdCSφφ dφ
2 (6.4)
2An analysis that compared the Kerr spectrum to a spectrum from a slowly rotating expansion of Kerr suggested that the
choice of resummation described above may be accurate up to extremely high spins χ ≈ 0.9 [265].
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(3 cos2 θ − 1) , (6.7)
gdCSφφ = sin



















sin2 θ , (6.9)
to O(ζ, χ2), with f(r) ≡ 1− 2M/r. As we can see, the dCS modification deforms the gravitational field of
spinning BHs in GR, which is now described by a modified Kerr geometry.
This solution was extended to O(ζ, χ5) in Ref. [37] using Hartle-Thorne coordinates. The mapping
between Hartle-Thorne (t, rHT, θHT, φ) and Boyer-Lindquist coordinates (t, r, θ, φ) to O(χ2) is given by





M2(r −M)(2M + r)
+ cos2(θ)(2M − r)(3M + r)
]
(6.10)
θHT = θ +
M2 sin(2θ)(2M + r)
4r3
χ2 . (6.11)
The mapping and the transformed metric metric to O(χ5, ζ) are given explicitly in 6.7.
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6.3 Theoretical framework
Astrophysical bodies cannot be described as simple, structureless test particles in dCS gravity. This is
because isolated solutions are not fully determined only by the matter stress-energy tensor, but they may
also source a scalar field. No stellar body (including BHs), however, sources a monopolar scalar charge in
dCS gravity, so they can be roughly approximated as test particles. The motion of small compact objects
around a supermassive black hole, an EMRI, can then be approximated as a geodesic of the background
spacetime3 [266]. Pure geodesic motion in dCS gravity, nonetheless, is not identical to geodesic motion in GR
because the background spacetime on which test particles move is not the Kerr spacetime. In this section,
we will describe test-particle motion in GR and in dCS backgrounds, as well as a method to characterize
chaos in such motion.
6.3.1 Geodesic Motion





where µ is the rest mass of the orbiting test particle and its corresponding four-momenta is Pµ ≡ µ uµ, with








where the overhead dot stands for a derivative with respect to the affine parameter. A HamiltonianH (qµ, Pµ)
is called integrable if one can find a canonical transformation S (qµ, Jµ) to new variables (θ
µ, Jµ) [267]
(qµ, Pµ) =
∂S (qν , Jν)
∂qµ
←→ (θµ, Jµ) =
∂S (qν , Jν)
∂Jµ
, (6.14)
such that in the new coordinates the Hamiltonian depends only on the new momenta Jµ. Consequently, the




= ωµ (Jν) , J̇µ = −
∂H
∂θµ
= 0 , (6.15)
3When the small object is a BH, the geodesic motion will be corrected by scalar field forces, but we will neglect this effect
in this paper and leave it for future work.
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which can be immediately integrated to obtain
θµ = ωµ t+ δµ , (6.16)
Jµ = const. , (6.17)
where δµ and ωµ(Jν) are constants. This notion of integrability of Hamiltonian systems is known as Liouville
integrability [268]: if n linearly independent, integrals of motion exist in a system of n degrees of freedom,
then there exists a coordinate transformation to angle-action variables such that the equations of motion
can be put in quadrature form.
Certain symmetries in the spacetimes we typically work with allow us to simplify the evolution of test
particles in such a background. The spacetime we study in this paper, presented in Sec. 6.2, is stationary
and axisymmetric, and thus, the metric tensor is independent of t and φ, and the energy E = −Pt and
the (z−component) orbital angular momentum Lz = Pφ are integrals of the motion. The appearance of
these two conserved quantities reduces the original four degrees of freedom of the geodesics to only two,
represented in the coordinates (r, θ). Moreover, since the geodesic equations are autonomous, i.e. explicitly
time-independent, the Hamiltonian of Eq. (6.12) is itself an additional constant of motion, whose value is
proportional to the rest mass of the test particle H = −µ/2.
Figure 6.1: (Color Online) Phase space tori characterized by the angle coordinates (θ1, θ2). A phase-orbit
is depicted which wraps around one torus. Closed orbits occur only if the ratio ω
1
ω2 is a rational number.
In terms of Liouville integrability, an additional constant of the motion, independent of (H,E,Lz), is
required to guarantee integrability. For example, in the Kerr metric the existence of the Carter constant
serves as a fourth, independent constant of the motion [255], and Kerr geodesics are integrable. Therefore,
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Kerr geodesics exist in a 2-dimensional tori of the 4-dimensional phase space [249], and bound orbits wrap
around this torus with certain characteristic frequencies associated to the angle-action variables (6.15). A
two dimensional slice of these torus is often chosen as a way to map features of the dynamics of the system,
as shown in Fig. 6.1, where the two dimensional slice is shown in blue.
A Poincaré surface of section is defined by the successive intersections of the orbit with a chosen two
dimensional slice of the torus. Each time the geodesic pierces this slice, a single point is generated on the
slice [269]. The complete Poincaré surface of section is therefore produced by a sufficient number of successive
piercings, as shown in Fig. 6.2.
For an integrable system, all initial conditions generate either periodic, or quasi-periodic trajectories.
The difference between one initial condition and the next manifests as a monotonic change in the ratio of
the polar to the radial frequency of the motion, ωθ/ωr, provided that the non-degeneracy condition holds,
e.g., a nonzero determinant |∂ωµ/∂Jµ| [270]. Periodic orbits happen when this ratio is a rational number
n/m, with (n,m) ∈ N, and the phase-orbit repeats itself after m windings. On the other hand, quasi-periodic
orbits occur when the ratio of these frequencies, ωθ/ωr, is an irrational number and the phase-orbit is densely
covered [249].
Let us now consider a Hamiltonian that is a deformation of an integrable Hamiltonian
H = Hint + δH . (6.18)
Typically, such a deformed Hamiltonian can be treated within Hamilton-Jacobi theory as described above,
but only upon orbit-averaging [268] as the treatment fails for periodic orbits, which by definition contain
resonances of the motion. If the deformation is non-integrable, then the full motion is non-integrable, and
regular or completely irregular motion can result depending on the initial conditions.
For a non-integrable deformation, the behavior of the phase-orbits depends on its magnitude. If the
deformation is large, then the phase space portrait changes significantly, destroying the phase space portrait,
which carries imprints in the Poincaré surfaces of section, and signaling the presence of strong chaotic
behavior.
Conversely, if the deformation is small, then the Kolmogorov-Arnold-Moser (KAM) theorem [268] implies
that some of the invariant tori are deformed and survive, while others are destroyed. In other words, the
corresponding Poincaré surfaces of section of the integrable and of the deformed systems look very similar
to each other. For quasi-periodic orbits, the resulting deformed phase-orbits are called KAM curves. The
green curves shown in Fig. 6.2 are deformed tori that correspond to quasiperiodic orbits.
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The behavior of periodic orbits is more complicated and can be understood through the Poincaré-Birkhoff
theorem [269]. The tori formed by periodic orbits, the so-called resonant torii, will dissolve after the
perturbation and can even break into a finite number of periodic points, half of them elliptic (stable) and
half of them hyperbolic (unstable), distributed in an alternating pattern. Surrounding the elliptic points,
a set of small KAM curves appear, called Bifkhoff islands and depicted schematically through the red and
blue nested structures in Fig. 6.2. These elliptic points are the source of asymptotic manifolds which are
the underlying structure of chaos. This chain can cover the phase space, without necessarily existing in a
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Figure 6.2: (Color Online) Poincaré surfaces of section with the chaotic features of interest. The inner part
of the figure shows the procedure to compute the rotation number. The purple circle indicates the position
of the invariant point, and each of the arrows point towards the position of a crossing in the Poincaré map,
denoted with circles.
As we discussed in Sec. 6.2, the background spacetime in dCS gravity can be considered as perturbations
of spacetimes in GR, i.e., the Schwarzschild metric and the Kerr metric in the resummed case, both of which












where ε is a book-keeping parameter that labels the order of the dCS perturbation. Such a deformed Hamil-
tonian can be treated within Hamilton-Jacobi theory, such as described above, upon orbit-averaging [67],
but again, this treatment is ill suited for periodic orbits. Therefore, to fully understand the phase space
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portrait generated by geodesics in dCS gravity, one must resolve and characterize the phase space structure4.
If the perturbation to the Hamiltonian introduced by dCS gravity is non-integrable, we then expect either
deformed invariant tori, or the appearance of Birkhoff islands in the phase space portrait, in both cases
governed by the magnitude of the coupling parameter ζ.
6.3.2 The Rotation Number
Despite the fact that the Poincaré surface of sections display all the features we are interested in, e.g. Birkhoff
islands or deformed tori, these regions can be very small in phase space, and thus, very hard to spot. Fortu-
nately, there is a very powerful tool, the rotation number [252, 249], that allows us to study quantitatively
the characteristics of chaos.
The rotation number corresponding to a Poincaré surface of section can be calculated by first identifying
the central invariant point of the section [249]. This is the fixed point corresponding to the periodic orbit
which crosses the two-dimensional slice defining the Poincaré surface, which for us will be the equatorial plane
θ = π/2, at only one point with Pr = 0 (see the purple circle shown in Fig. 6.2). With the invariant point
identified, the rotation number can be computed as follows. Consider two vectors in phase space joining the









. These vectors defined from the origin (r = 0, Pr = 0) are
~Aj = ~pj − ~pinv, ~Aj+1 = ~pj+1 − ~pinv. (6.20)
From these vectors we now calculate the clockwise angle subtended by them, i.e.,
θj = ]( ~Aj+1, ~Aj), (6.21)
as shown in Fig. 6.2 for four points pi that belong to the same Poincaré surface section. This angle is
computed for each consecutive pair of piercings. Summing up all these angles θj and dividing by 2πN , with








The rotation number characterizes the frequency structure of the phase space for each trajectory and
measures the average fraction of a circle by which successive crossings advance [249]. The rotation curve of
4This type of techniques have been already used extensively in the literature to spot chaotic behavior [252, 271, 272, 273,
274, 249, 275, 276].
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the system is obtained by evaluating the rotation number as a function of the location of the Poincaré surface
of section in phase space. In our case, we choose to define the location of the surface by the minimum value
of the radial coordinate sampled by that surface. The rotation curve associated with the example depicted
in Fig. 6.2 is shown in Fig. 6.3, where the colors have been chosen to match the regions of interest. Birkhoff
islands corresponding to a plateau in the rotation curve are presented in red and blue, and an abrupt change
of the rotation number near an unstable point, corresponding to the regions where the tori structure is
deformed but not broken, is shown in green. For regular regions, we can see that the rotation curve looks
smooth.









Figure 6.3: (Color Online) The rotation curve of the example shown in Fig. 6.2. The different type of
behaviors that can be seen using the rotation number are marked as A (plateau near a stable periodic orbit),
B (an inflection point at an unstable periodic orbit) and C (plateau near a stable periodic orbit).
Abrupt changes in the rotation curve signal the presence of chaotic orbits. In the region where regular
orbits exist, the rotation curve is a monotonically increasing function of the spatial coordinate. Inside
Birkhoff islands, however, each member of the chain has a fixed rational value of the frequency ratio, forcing
the rotation number to remain approximately constant, up to numerical accuracy, and one finds a plain zone
or plateau. The variation of the rotation number between nearby chaotic orbits is completely irregular and
not defined unambiguously, breaking also the monotonicity of the curve [252].
The usefulness of the rotation number goes beyond its ability to identify the dynamics of a system. For
example, a plateau in the rotation number signals the presence of a constant ratio of the orbital frequencies,
which then translates into a constant pattern of frequencies in the emitted gravitational waves. An obser-
vation of such a constant pattern would constitute a clear signal of the presence of chaos, and thus, a novel
test of GR and the Kerr hypothesis [277, 272, 249, 276].
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6.4 Geodesics in the slowly-rotating Kerr metric
As a warm-up to the dCS problem, let us first consider geodesics in the Kerr background and in its slow-
rotation expansion. The latter can be obtained by expanding the Kerr metric in χ  1 to any order one
wishes. At zeroth order in rotation, the slow-rotation expansion of the Kerr metric reduces exactly to the
Schwarzschild metric, which is integrable. At next order in rotation, the slow-rotation expansion can be
thought of as a deformation of Schwarzschild, which can (and in fact does) generate chaotic orbits. Of
course, as one keeps higher and higher order terms in the slow-rotation expansion, one expects the resulting
metric to become closer and closer to the Kerr spacetime, with therefore any signs of chaos shrinking with
the order retained. This is the behavior we expect, find and explore in this section.
We study geodesics of the slow-rotation expansion to O(χn) treating the metric as exact, i.e. once the
metric is expanded, it is treated as exact and the geodesic equations are solved numerically without re-
expanding them in slow-rotation. We make this choice based on numerical explorations where we compute
the rotation curve using a slowly-rotating Kerr metric treated as (i) exact and (ii) approximate, i.e. re-
expanding the geodesic equations in small rotation prior to solving them numerically. For all cases studied,
we found that the relative error of (i) is several orders of magnitude smaller than that of (ii), relative to
the rotation curve computed with the full Kerr metric. When dealing with case (i), the geodesic equations
contain a plethora of higher-order-in-spin terms, which method (ii) sets to zero. For the rotation curve,
these higher order in spin terms introduced in case (i) happen to lead to a smaller error. This may not
be true for other observables, as a generic statement cannot be made. Moreover, we find that treating the
slowly-rotating Kerr metric as exact does not introduce any pathologies.
In what follows, we focus mostly on resonant orbits in a slowly-rotating Kerr metric expanded to O(χ2).
Even though we will show results for mainly two representative examples of the background (with χ = 0.1
and χ = 0.2 and one particular resonance), the features we find are generic and based on an extensive
numerical study in a very large region of parameter space. One may worry that a choice of χ = 0.2 is
inappropriate for a slow-rotation expansion at O(χ2), but (i) this choice is actually conservative relative to
other studies that have used slowly-rotating metrics in the past [278, 279, 132, 37, 135], and (ii) a smaller
choice of χ does not eliminate the features we will discuss here, but instead just makes them more difficult
to resolve numerically.
Let us begin the discussion of geodesics by studying the regime in phase space where orbits exist. From
the normalization relation uαuα = −1, the geodesic motion in the reduced system of two degrees of freedom
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Figure 6.4: (Color Online) (Left) Two-dimensional potential Veff(r, θ) along θ = π/2 and (right) CZVs
using the slowly-rotating Kerr metric expanded to O(χ2) for three different values of the spin, at a fixed
energy of E = 0.98 and angular momentum of Lz = 3.74265M . The vertical dashed line in the right panel
represents the location of the innermost stable circular orbit, or ISCO, when χ = 0.1. The roots of Veff
provide boundaries for different types of orbits.












The effective potential is characterized by parameters that depend on the spacetime, such as the spin
and mass (and also ζ in dCS gravity), and also on the particle’s conserved energy and the z-component
of the conserved angular momentum vector. When Pr = 0 = Pθ, the roots of the effective potential
Veff (r, θ, E, Lz) = 0 define the so-called curves of zero velocity (CZV) [272].
The left and right panels of Fig. 6.4 show Veff and the CZVs, respectively, using the Kerr metric expanded
to O(χ2) as a function of radius and for different choices of the spin parameter. The roots of Veff provide
boundaries for different types of orbits [277]: plunging orbits (from the horizon to the point labeled A in the
figure), bounded non-plunging orbits (between the points labeled C and E in the figure), and periodic orbits
(the points labeled A, C and E in the figure). We call the latter periodic because the points B and D are
local extrema of Veff, a maximum (representing an unstable periodic orbit) and a minimum (representing a
stable periodic orbit), respectively. The classification of orbits can also be inferred from the right panel of
Fig. 6.4, where two disconnected regions appear. Particles inside the left one are bounded by the horizon,
i.e., plunging orbits, and particles inside the right one are bounded but in non-plunging orbits.
We integrate the equations of motion in Eqs. (6.13), for the variables
(
ṙ, θ̇, Ṗr, Ṗθ
)
, numerically using an
explicit Runge−Kutta method due to Dormand and Prince [280] (DOPRI). Although Runge−Kutta methods
are dissipative [281], the DOPRI method can be used here without compromising the conclusions extracted
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Figure 6.5: Poincaré surfaces of section for a SMBH with χ = 0.1, E = 0.98 and angular momentum
Lz = 3.74265M (left), and χ = 0.2, E = 0.995 and angular momentum Lz = 3.75365M (right), using the
slow-rotation expansion of the Kerr metric to O(χ2).
to the required precision and evolution length we consider. In fact, for the orbits under consideration, the
conserved quantities remain constant under numerical evolution, ensuring that the particle does not wander
in phase space due to numerical error. This algorithm has been already used for studies of chaotic behavior
in [282, 283].
With the background spacetime, the equations of motion and an integration scheme defined, we now
proceed to study the dynamics of test particles in detail and compute Poincaré surfaces of section and
rotation curves. We will split our analysis into a study of bounded orbits and one of unbounded orbits.
6.4.1 Bound Orbits
For bounded motion, the test particle is confined to a particular region of the effective potential. Within this
region, there is a local minimum, depicted in detail in the right-most embedded diagrams of the left panel
of Fig. 6.4, implying the existence of stable periodic orbits. In the same sense as in Newtonian gravity, the
angular momentum of the test particle is responsible for a centrifugal barrier that prevents the particle from
falling into the central object. Here, since the SMBH background is spinning, there is an extra contribution
to the centrifugal barrier due to the BH spin.
Bearing in mind the discussion in Sec. 6.3.1 about perturbed systems, we expect geodesics of a slowly-
rotating Kerr metric to be chaotic. Figure 6.5 shows Poincaré surfaces of section for two different sets of
parameters that produce bounded orbits, using the slowly-rotating metric to O(χ2). The surfaces of section
look regular, seemingly without any signatures of chaos, but this can be deceiving because features of chaos
may be small and hard to resolve on this scale.
The rotation curve, however, can signal the presence of chaotic behavior, even when this cannot be
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Figure 6.6: (Color Online) Rotation curve (left) and surfaces of section (right) for geodesics with E = 0.995
and angular momentum Lz = 3.75365M around a SMBH with χ = 0.2, using a metric expanded to O(χ2).
Embedded in the left panel is a zoom of the rotation curve around a regime that presents chaotic features.
The horizontal line is drawn at νθ = 0.5.
resolved with the naked eye from the surfaces of section. The left panel of Fig. 6.6 shows the rotation curve
for the same sets of orbits as those in the right-panel of Fig. 6.5. Observe that there is a plateau in the
rotation number around r ≈ 4.016M . In practice, such behavior is found by studying the derivative of the
rotation number with respect to radius. This plateau is a tell-tale sign of chaos, which we can use to refine
our search to a subregion of the surfaces of section. Doing so, we find Birkhoff chains of islands in the
surfaces of section, as shown in the right panel of Fig. 6.6.
The emergence of Birkhoff islands is generic and not dependent on the particular parameters of the
geodesic or of the SMBH. The left-panel of Fig. 6.7 is a zoom of the left-panel of Fig. 6.5 to a regime
where the rotation number suggests the presence of chaos. As expected, we find Birkhoff islands once more,
although the decrease in the spin parameter has led to fewer islands than in the larger spin case. Zooming
back out, we now see that the tori structure is broken and four stable points appear, which are associated
with the rational frequency 2/4-resonance, as predicted by the Poincaré−Birkhoff theorem and shown in the
right panel of Fig. 6.7.
Since we know that these Birkhoff chain of islands is caused by the slow-rotation expansion, the chain
should be affected by the order of the expansion we consider. As a proof of concept, let us keep all parameters
fixed, i.e., the energy, angular momentum and spin of the BH, and study the same 2/4-resonance for a metric
expanded to O(χ4). The left panel of Fig. 6.8 shows the rotation curves, which this time present an abrupt
change in the rotation number, but no longer a plateau (even when the numerical precision is increased by
several orders of magnitude). Zooming to this region, the right panel of Fig. 6.8 shows the Poincaré surfaces
of section near the 2/4-resonance. The stable periodic orbits are located in the blank areas between the
102
Figure 6.7: (Color Online) Birkhoff islands associated with the 2/4-resonance using the slow-rotation expan-
sion of the Kerr metric to O(χ2) with χ = 0.1, energy E = 0.98 and angular momentum Lz = 3.74265M .
The left panel shows many chain of islands around a stable point. The right panel shows how the structure
of the broken tori for one initial condition and the appearance of the islands of stability, in this case four
are formed.
depicted KAM curves. To O(χ4), therefore, the system is said to be slightly non-integrable and numerous
invariant tori survive the perturbation, albeit deformed.
A measure for the “amount” of chaos in a given set of islands can be estimated by measuring the size
of the plateau or the abrupt jump in the rotation number, provided that the Poincaré surface of section
corresponds to the same system, i.e., exactly the same value for all the parameters. We find that the size of
these chaotic features shrinks when the order of the approximation is increased, as expected. For example,
for the cases shown in Fig. 6.6 at O(χ2), the size of the plateau is approximately 10−3 [r/M ] (see the vertical
dashed lines in the figure), while for Fig. 6.8 at O(χ4) the size of the abrupt change in the rotation number
is smaller than 10−6 [r/M ].
6.4.2 Unbound Orbits
Let us now study unbounded orbits, where ultimately the small compact object plunges into the horizon
of the SMBH. But instead of studying geodesics constrained to two separated regions in phase space (one
for bounded orbits and one for unbounded ones) as considered in Fig. 6.4, let us study geodesics that can
communicate between these regions. One can choose values of E, Lz and χ such that these two regions are
connected, as shown in Fig. 6.9 through the effective potential and its respective CZVs for metrics truncated
at different orders. For such geodesics, certain regions of the surfaces of section present heteroclinic chaos
(recall that this is caused by geodesics that visit the same equilibrium point, see Sec. 6.3), which lead to
stronger features of chaos [249].
Given that we expect stronger signatures of chaos, let us jump directly to a study of the Poincaré surfaces
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Figure 6.8: (Color Online) Rotation curves (left) and surfaces of section (right) for geodesics with E = 0.995
and angular momentum Lz = 3.75365M around a SMBH with χ = 0.2, using a metric expanded to O(χ4).
Embedded in the left figure is a zoom of the rotation curve around a regime that presents chaotic features.
The horizontal line is drawn at νθ = 0.5.





























Figure 6.9: (Color online) Effective potential (left) and CZVs (right) using the Kerr metric in its exact form,
expanded to second order and to fourth order in slow rotation, for geodesics with energy E = 0.95 and
angular momentum Lz = 2.85M around a SMBH with spin. This set of parameters allows for unbounded
motion and connects the two regions that were depicted previously in Fig. 6.4. The vertical line in the right
panel shows the SMBH event horizon, which shifts slightly with the order of the approximation.
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Figure 6.10: Poincaré surfaces surface of section for χ = 0.2, E = 0.95 and angular momentum Lz = 2.85M
for (left) the metric expanded to O(χ2) and (right) to O(χ4). See text for more details.
of section for unbounded orbits. The left panel of Fig. 6.10 shows the surfaces of section when using the
metric to O(χ2). Observe the main island in the center of the figure, surrounded by a chaotic sea of layers
with many high-multiplicity islands of stability; most of the chaotic orbits correspond to plunging orbits. On
the other hand, the surfaces of section when using the metric to O(χ4) show none of this manifestly chaotic
behavior. In fact, the chaotic sea disappears completely even when the resolution is increased, as shown
in the right panel of Fig. 6.10. Nevertheless, near last KAM curve there should indeed exist chaotic orbits
plunging to the central object, but the size of the region where they occurred has decreased significantly.
This reinforces the findings of the previous section, i.e., that the chaotic behavior we found scales with the
order of the slow-rotation approximation.
6.5 Geodesics in dynamical Chern-Simons
The modification introduced by dCS to the Kerr solution is small, in a perturbative sense, and the equations
of motion are still separable after orbiting averaging, except at resonant orbits [67]. Nevertheless, there
could be secular changes in the angular frequencies ωµ and a second rank Killing tensor, associated with a
Carter-like constant, could not be found in Ref. [67]. The lack of an exact solution in dCS valid for all spin
magnitudes forces us to question the regime of validity of the metric, whether the approximate nature of the
spacetime has a significant impact on possible observables, and if it is related to the appearance of chaotic
behavior. These are the topics we will study in this section.








where gSR-Kerr,nµν is the Kerr metric expanded to O(χn) in χ 1 and gdCS,nµν is the dCS correction presented







where gdCS,nµν is the same as in the expanded metric, but g
Kerr
µν is the exact Kerr metric. In all cases, we
always employ Boyer-Lindquist coordinates. In fact, the transformation of the dCS metric from Hartle-
Thorne coordinates to Boyer-Lindquist coordinates is what allows us to resum the ζ-independent sector, as
the Hartle-Thorne metric is intrinsically defined in a slow-rotation expansion.
The first topic we investigate is the effect of the coupling parameter ζ at a fixed order in the slow-rotation
expansion on chaotic features of bounded geodesics. For this study, we focus on the rotation number and
employ the expanded dCS metric of Eq. (6.24) truncated to O(χ2). As expected, we find plateaus in the
rotation number, just as we did in the slow-rotation expansion of Kerr discussed in Sec. 6.4.1. Table 6.1
shows the size of the plateaus for geodesics with the same parameters as those of Fig. 6.6. Observe that
the plateau size remains roughly constant and the effect of ζ is very small. We find that generically, for
bounded orbits, increasing ζ decreases the size of the plateau5. These results suggest that the slow-rotation
expansion may be responsible for the appearance of these chaotic signatures in dCS gravity.
Table 6.1: Size of the plateau in the rotation number for geodesics with E = 0.995 and angular momentum
Lz = 3.75365M and a SMBH spin of χ = 0.2, using the expanded dCS metric to O(χ2) and three different
values of the coupling parameter ζ. The effect of ζ on the plateau size is small.





Let us study this hypothesis by calculating the surfaces of section with the resumed metric. Figure 6.11
shows these surfaces for the same geodesic and SMBH parameters used in Fig. 6.6, fixing ζ = 0.2 and using
both a dCS correction to O(χ2) (left panel) and to O(χ5) (right panel). Observe that the tori structure in
phase space is deformed, as we found when using the slow-rotation expansion of the Kerr metric to high order
in χ. Moreover, observe that the deformation decreases with the order in χ kept in the dCS deformation.
All of this suggests that the resumed dCS metric leads to a slightly non-integrable system where most of the
invariant tori survive the dCS perturbation, albeit deformed.
5The decrease of size of the plateau is because for the parameters chosen when ζ increases, the well of the effective potential
that allows for bounded orbits is shifted away from the source.
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Figure 6.11: The surface of section for χ = 0.2, ζ = 0.2, E = 0.995 and angular momentum Lz = 3.75365M
for (left) the metric to O(χ2) and (right) to O(χ5). We see that the region of the KAM curves decrease
considerably when the order of the approximation increases, see the scales in the radius r.
Given that chaotic features could be hiding in the surfaces of section at sufficiently high resolution, let
us now study the rotation curves of the geodesics in the resumed dCS spacetime. The left panel of Fig. 6.12
shows various rotation curves calculated using different values of ζ, for the same geodesics of Fig. 6.11.
Observe that when ζ = 0, no features in the rotation curve are observed, and when ζ 6= 0, although an
abrupt jump appears, no plateau emerges. Moreover, as in the case of the expanded metric, the radial size
of the jump is approximately constant with ζ. This suggests that the abrupt jump in the rotation number
is related to the truncation of the dCS correction in χ and is not a feature of the dCS spacetime.
Let us investigate this conclusion by fixing the value of χ and changing the order of truncation of the
dCS correction. The right panel of Fig. 6.12 shows the abrupt jump in the rotation curve computed with the
resumed dCS metric and the dCS correction truncated at different orders in χ. Observe that as higher order
in χ terms are kept in the dCS correction, the size of the abrupt jump decreases. These results reinforce the
hypothesis that the abrupt jump is caused by the truncation of the dCS correction in χ.
We also investigated unbounded orbits, but unlike in the slowly-rotating Kerr case, the resummed dCS
metric did not produce any clear signatures of chaos, even for relatively high values of ζ. In Fig. 6.13, we
show Poincaré surfaces of section using the resummed metric with the dCS piece truncated at (left panel)
O(χ2) and at (right panel) O(χ5). This figures are to be compared with Fig. 6.10, which we recall presents
surfaces of section using a slowly-rotating Kerr metric. Observe that Fig. 6.13 does not contain the sea of
chaos that is clearly visible in Fig. 6.10.
All of these results suggest that geodesics in dCS gravity are not chaotic. Proving such a statement,
of course, is not possible through a purely numerical analysis, since one could always imagine that chaotic





















Figure 6.12: (Color Online) Rotation curves for geodesics with E = 0.995 and angular momentum Lz =
3.75365M around a SMBH with χ = 0.2, using the resumed dCS metric truncated at O(χ5) (left) for different
values of ζ = 0.0, 0.05, 0.1, 0.2 and truncated at O(χ2, ζ) and O(χ5, ζ) with ζ = 0.2 (right). Observe in the
left panel that the abrupt jump in the rotation number is insensitive to the value of ζ. Observe also in the
right panel that the abrupt jump decreases with the order in χ kept in the dCS correction.
Figure 6.13: Poincaré surfaces of section for ζ = 0.2, χ = 0.2, E = 0.95 and angular momentum Lz = 2.85M
for (left) the metric expanded to O(ζ, χ2) and (right) to O(ζ, χ5).
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parameters we did not consider. To address the first point, we carried out a detailed numerical analysis at
various levels of resolution and with different integration routines; in all cases we find the same results as
those presented above. To address the second point, we carried out an extensive numerical analysis for a
large set of geodesic parameters; in all cases we again find the same results as the representative examples
discussed above. Given all of this, we conclude that geodesics in dCS gravity are not chaotic if one had an
exact dCS black hole solution and are at worst slightly non-integrable with thin chaotic layers, that scale
in size with the order of the approximation when using the resummed dCS metric, surrounded by deformed
invariant tori.
6.6 Discussion and Concluding Remarks
We have investigated extreme mass-ratio inspirals in dCS gravity through a test-particle approximation to
determine whether chaotic motion emerges in this theory. We began through an analysis of geodesics in
the Kerr spacetime using both an exact Kerr metric and a slow-rotation expansion. The use of the latter
is important because the dCS metric of a spinning BH is only known in the slow-rotation approximation.
We found that chaotic features arise for geodesics of a slow-rotation expansion of the Kerr metric, but
these chaotic features effectively disappear as higher order terms in the expansion are kept in the metric.
We then studied geodesics in a dCS spacetime, using both an expanded metric and a resummed metric,
where all dCS independent terms are collected to resum the Kerr metric. We found that geodesics in the
resummed dCS spacetime are slightly non-integrable with thin chaotic layers, that scale in size with the order
of the approximation when using the resummed dCS metric. We expect that the family of tori recovers its
continuity for the exact solution and we conjecture that geodesics of the exact spinning dCS BH metric are
not chaotic.
Our numerical findings also suggest that geodesics in an exact dCS background may have a fourth
constant of the motion. Reference [67] showed that at second order in rotation there does not exist a 2nd-
rank Killing tensor, and thus, that a Carter-like constant of motion does not exist. Moreover, Ref. [67]
also showed that there does not exist a coordinate system in which the second-order-in-rotation metric
satisfies the Levi-Civita test [284, 285], which implies that the Hamilton-Jacobi equations are not additively
separable through the existence of a 2nd-rank Killing tensor. These results, however, do not imply that a
higher-rank Killing tensor does not exist, and thus, they do not rule out the existence of a fourth-constant
of motion associated with such a higher-rank Killing tensor, or the existence or not of chaos. Therefore, the
results of Ref. [67] are not in conflict with our findings, and in particular, with our conjecture, i.e., that the
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not-yet-found dCS metric valid to all orders in spin does not lead to chaotic geodesics, which then implies
the existence of a 4th constant of the motion associated with a higher-rank Killing tensor. These findings
have implications on ongoing efforts to find an exact solution in dCS gravity for spinning BHs.
The analysis we have carried out, however, is only an approximation to the motion of extreme mass-ratio
inspirals in dCS gravity. Needless to say, we have not included dissipative effects in the orbits, which is why
we were able to study bounded motion. The inclusion of such dissipative effects with the resummed dCS
metric could be the topic of future studies. Furthermore, we have here neglected non-geodesic forces induced
by the scalar (magnetic dipole) charge of the small object. Such a force may lead to interesting corrections
on the motion found here that could also be studied further.
Ultimately, once such studies have been carried out, one can investigate the signatures of dCS gravity on
extreme mass-ratio inspirals. The only studies on this topic are those of [266, 278], which did not considered
a resummed metric and did not include the magnetic-dipole force due to the small object. Redoing such
an analysis would allow us to estimate the accuracy to which dCS gravity could be constrained by future
gravitational wave observations with LISA.
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6.7 BH Solutions in dCS gravity to fifth order in Boyer
Lindquist Coordinates
The dCS metric in Boyer-Lindquist coordinates (t, r, θ, φ) is obtained from the solution given in Ref. [37] in







− 8M4 + 72M3r + 36M2r2 − 15Mr3 − 5r4
+10 cos2(θ)(3M + r)
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) ]
+
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Discussion and Concluding Remarks
“Good data are not enough. A vibrant
scientific culture encourages many
interpretations of evidence.”
Avi Loeb
For centuries, nearly all the data from astronomical objects came from the electromagnetic radiation they produce
or that is generated in their vicinity. In the past few years, however, our observational spectrum has literally expanded,
as we are now routinely detecting gravitational radiation as well. Gravitational radiation carries information about the
interaction of matter and spacetime, while electromagnetic radiation carries information about the thermodynamic
state of matter and travels through spacetime. With this new type of gravitational observations, and with the
improvement of the existing techniques in the electromagnetic sector, we have just started to learn about theoretical
physics in the strong gravity regime.
If nature deviates from GR in the strong gravity regime, what are some of the possible observational signatures
imprinted in the electromagnetic and gravitational spectra? The work presented in this dissertation mainly addressed
that question. In the previous chapters we have described our efforts to constrain and detect deviations from general
relativity in the strong regime using: the electromagnetic radiation emitted by an accretion disk around a stellar-
mass black hole (Chaps. 2, 3, 4 and 5); and the gravitational waves produced when comparable-mass black holes
collide (Chapter. 5). We also studied the dynamical properties of test particles moving in dCS theory (Chapter. 6),
as these properties may be imprinted in the gravitational waves produced when a small compact object falls into a
supermassive object during an extreme mass-ratio inspiral.
Our results continue to support that, to date, there are no clear tensions between observations and GR. Through
the theory-agnostic procedure discussed and used in this dissertation, in Fig. (7.1) I show some of the recent constraints
on the bumpy parameter α13 of the Johannsen metric [43]
1 obtained from very different sources and instruments by
other authors. I have computed the results labeled in the figure as GWTC-1, following the same procedure described
in Chap. 5. The results on the LMXB GX 339-4, reported in Ref. [106], were obtained using NuSTAR observations,
while the ones from the supermassive black hole MCG-6-30-15, reported in Ref. [178], were obtained by combining
observations from the instruments XMM-Newton and NuSTAR. The most recent constraint, reported in Ref. [286],
1For completeness, the Johannsen metric, discussed in Chap. 4 is shown explicitly in Appendix A. This bumpy parameter
maps to the Rezzolla-Zhidenko a1 parameter presented in, e.g., Chap 2, as α13 = −4a1.
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Figure 7.1: Constraints on the bumpy parameter α13 [43] using the loudest five binary black hole (BBH)
events of the GWTC-1 catalogue [123] (as described in Chap. 5); the low-mass X-ray binary (LMXB) GX
339-4 [106], and the supermassive black holes (SMBHs) MCG-6-30-15 [178] and M87 [286]. The short
horizontal lines indicate a 3σ interval around the mean, except for the results on M87 where the error is
reported to 1σ for clearness of the figure. The long dashed horizontal line at zero corresponds to the GR
value.
was obtained using the spectacular seminal observations of the shadow of M87 by the Event Horizon Telescope (EHT)
collaboration [16].
Figure. (7.1) shows that current constraints on α13 display a remarkable agreement with GR over several orders
of magnitude in curvature scale (increasing from right to left in the figure) for all these very different observations.
However, at first glance it may look like those results could be in tension with some of the results presented in this
dissertation. In particular, in Chaps. 2 and 3, we found that, in addition to the always present statistical uncertainties
in the analysis of the data, the degeneracies between the accretion disk model parameters and the parameters that
control a modification to GR, should make these types of tests very challenging with current electromagnetic observa-
tions. Furthermore, in Chap. 5, we found comparable results between the X-ray-like and LIGO/Virgo observations.
However, Fig. (7.1) shows that X-ray observations can indeed test GR with great precision and that, in some cases,
can even do much better than current observations of gravitational waves. To understand why these results are not
in tension with some of the results presented in this dissertation, it is necessary to understand the error bars reported
for each measurement.
The systematic errors in the gravitational-wave observations arise mainly from the way we solve the field equa-
tions., i.e., on the technique used to solve the gravity theory of choice [287]. When GR is assumed, the leading models
are SEOBNR-like (see e.g., Ref. [288]) and IMRPhenom-like (see e.g., Ref. [228]) type models. Thus, the error bars
for the events in GWTC-1 presented in Fig. (7.1) account for both errors, i.e., statistical and systematic. In Chap. 5
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we discussed that, since we assumed pure Einsteinian radiation terms, the error should we considered as a stringent
lower bound that won’t change significantly even if more accurate dissipative terms are included.
For current gravitational-wave events, the statistical error due to finite signal-to-noise ratio dominates the
parameter-estimation error [287]. Given that the gravitational-wave events can only be observed once, the sta-
tistical error cannot be decreased in the same way it can be reduced for some electromagnetic observations (by for
example observing the same source multiple times with the same instrument, or even with a more sensitive one).
Upgraded and future gravitational wave detectors will provide data with smaller statistical errors to a point where
the systematics may became important [289].
On the other hand, for the electromagnetic observations even when GR is assumed a priori, as the correct
gravitational description in the strong gravity regime, the characterization of the systematic uncertainties in the
X-ray reflection techniques is a “fundamental concern”, as it may not be under control [14]. As recently summarized
in Ref. [14] for the X-ray measurements, the main two sources of systematic uncertainty come from (i) whether we
have correctly attributed the observed spectral structure to inner disk reflection, and (ii) from the approximations
and assumptions made about the structure of the accretion disk when modelling the X-ray reflection spectrum. I
will only discuss here the latter, which was the one we studied in this dissertation, as it involves directly the choice
of a theory of gravity.
As discussed in several parts of this work, the standard framework for the description of LMXB assumes the
Novikov-Thorne model [90]. Given that the simplifications made in deriving an astrophysical model can lead to
systematic uncertainties in the measurement of the properties of a source [31, 139], we have to ask how these modeling
uncertainties affect our ability to test GR. In Chap. 4 we explored one of the astrophysical model assumptions: that
the inner edge of the accretion disk is at the ISCO. From a pure theoretical point of view, the fact that the inner
edge of the disk is at the ISCO radius is related to the assumption of the model that the shear stress, which drives
the accretion, vanishes at the ISCO. Within a hydrodynamical description, the problem has been studied (see for
instance, Refs. [290, 291]) and the conclusion of these studies is that deviations from the Novikov-Thorne model
decrease monotonically with the disk thickness. Thus, thin disks should be well described by the Novikov-Thorne
model.
Do GX 339-4 and MCG-6-30-15 have a thin disk? In Chap. 4 we considered an optically thick plunging region and
found that the contribution of radiation from the plunging region could be important for low and negative values of the
black hole spin parameter and large values of the viewing angle. Thus, even within GR, the estimation of some model
parameters may be affected by the reflection spectrum of the plunging gas if this is not included in the theoretical
model. As we show in Chaps. 2 and 3, even if a very simple model is assumed, the uncertainties and covariances
between the parameters of the model and the parameters that control a deformation from general relativity make
tests of general relativity very challenging. Thus, the error for these two sources is completely statistical and neglects
the systematic error. How big is this error? We do not know, and a careful study of the systematic error is required.
Thus, for the X-ray measurements shown in Fig. (7.1), the error bars are neglecting an important source of error.
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The errors reported by the EHT collaboration are less stringent, in comparison to the X-ray ones, as they
included both statistical and some of the systematic errors [16, 77]. As shown in Chaps. 2 and 3, it is expected that
the correlations between a non-GR parameter and the model parameters, such as the mass and the spin of the black
hole, decrease our current constraining power. The results reported in Ref. [286] do not account for these covariances.
Thus, even though the constraints on the α13 bumpy parameter using the shadow-size measurements from M87 have
currently the largest error bars, that error should be considered as a lower limit. Finding ways to distinguish between
a modification of GR and a failure of the astrophysical assumptions with the image of M87 is currently an active
research topic [292, 293, 294].
Future analysis and instruments could improve upon the work presented in this dissertation. In particular, and in
addition to the ones discussed in Chap. 2 and 4 with ATHENA, with the advent of the upcoming data from NASA’s
mission IXPE [295], the China-Europe’s mission eXTP [296, 297], or the European’s project XIPE [298], current
state-of-the-art X-ray reflections models will be unreliable. It is paramount to enhance current models by including
the polarized radiation [299] to determine the degree to which which X-ray polarization signatures can be used to
better measure, not only, astrophysical parameters, but also the gravity theory. Tests of GR may even become possible
with longer interferometric baselines capable of reaching the resolution where astrophysics-independent predictions
of the theory become observable [300].
On the gravitational-wave side, in addition to the improvements of current detectors discussed in Chap. 4, which
will greatly improve the constraints, LISA presents an unprecedented opportunity to perform particular precision
tests of GR using EMRIs. The orbital trajectories presented in Chap. 6 gave us only an approximation of the possible
non-GR effects on geodesics. However, given that the true observables are gravitational waveforms, our results are
not enough to truly assess the importance that chaos has in the strong field analysis.
Despite recent impressive calculations from black-hole perturbation theory within GR [301], the EMRI modelling
task is not finish. Current approaches [302, 122, 303] to generate EMRI waveforms are believed to reproduce the
main features of the dynamics, but they may not be enough to get the precision an observation requires to determine
that an inspiral is indeed an inspiral into a GR’s black hole or not [28].
In particular, future analysis should include post adiabatic gravitational self-force terms to understand how
resonant effects [250, 304] interact with the chaotic features. These higher order terms are currently been ne-
glected [282, 305], but even within GR are known to play an important role near resonances. Future work should
concentrate on generating consistent gravitational waveforms and comprehensive data analyses, to quantify and char-





The initial version of the X-ray model presented in Ref. [105] used the bumpy metric presented by Johannsen in
Ref. [43]. This particular bumpy metric was designed such that it possesses three independent constants of the
motion, and depends nonlinearly on four free functions that parametrize potential deviations from the Kerr metric.
The former assumption makes the metric not mappable to certain theories of gravity, but facilitates the computation
of observables, as the equations of motion can be written in first-order form.
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In Ref. [105] we implemented only the bumpy parameters ε3, α13, α22, and α52. The α13 bumpy parameter maps
to the Rezzolla-Zhidenko a1 parameter presented in, e.g., Chap 2, as α13 = −4a1.
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[227] Hannam M, Schmidt P, Bohé A, Haegel L, Husa S, Ohme F, Pratten G and Pürrer M 2014 Physical review
letters 113 151101
[228] Husa S, Khan S, Hannam M, Pürrer M, Ohme F, Jiménez Forteza X and Bohé A 2016 Phys. Rev. D 93 044006
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